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A Note Concerning a Selection “Paradox” of Dawid’s

Stephen SENN

This article briefly reviews a selection “paradox” of Dawid’s,
whereby Bayesian inference appears to be unchanged whether
or not treatments have been selected for inspection on the ba-
sis of extreme values. The problem is recast in terms of a hi-
erarchical model. This offers an alternative explanation of the
paradox but also reveals a disturbing dependence of inference
on prior specification. The example may also be used to deepen
students’ understanding of the implications of using conjugate
nonhierarchical priors in Bayesian analysis. To illustrate, some
simulations are presented.
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1. INTRODUCTION

In a penetrating but also rather disturbing analysis, Dawid
has drawn attention to apparent sharp disagreements between
Bayesian and frequentist approaches to the analysis of a partic-
ular type of problem (Dawid 1994). This problem occurs when
examination of a dataset leads to further investigation of a sub-
set concerning which statistical inference is then required. In
frequentist approaches it is generally accepted that the selection
process has implications for the further analysis. For Bayesian
approaches, however, Dawid pointed out that, “Since Bayesian
posterior distributions are already fully conditioned on the data,
the posterior distribution of any quantity is the same, whether
it was chosen in advance or selected in the light of the data”
(p- 211). Dawid concluded that there is nothing illogical in such
a Bayesian analysis but that, since the conclusion may be un-
welcome, Bayesians nevertheless may be wise to think care-
fully about the sort of prior distribution that makes it possible. In
particular, he suggested that, “conjugate priors for multivariate
problems typically embody an unreasonable determinism prop-
erty” (p. 211).

In this article I consider one particular example of Dawid’s
and offer a heuristic explanation of the phenomenon. A referee
has pointed out to me that, since the phenomenon is perfectly
logical from the Bayesian point of view, it is not a paradox.

Stephen Senn is Professor of Statistics, Department of Statistics, University
of Glasgow, Glasgow, G12 8QQ, UK (E-mail: stephen@stats.gla.ac.uk). 1 am
grateful to the UK Engineering and Physical Research Council for funding
through the Simplicity, Complexity and Modelling project and to Novartis for
further funding. I thank the referees and editors for helpful comments.

206 The American Statistician, August 2008, Vol. 62, No. 3

Nevertheless, it points to a sharp difference with frequentist
practice and possibly with some intuition that many Bayesians
will share. Hence, the fact that posterior distribution does not
change when selecting the largest mean can be regarded as a
paradox within a wider framework. Furthermore, there is some
precedent to using the word “paradox” in such cases. For ex-
ample, Lindley’s famous demonstration (Bartlett 1957; Lindley
1957) that moderately significant p-values are more indicative
of the truth of the null hypothesis when the sample size is large
is entitled “A Statistical Paradox” but is not paradoxical if one
considers the Bayesian formulation which justifies it as correct.
In the rest of the article I shall refer to Dawid’s selection para-
dox. This carries with it no implication that there is something
wrong with Bayesian inference, although examination of it will
support the view that prior distributions must be chosen with
care.

This heuristic explanation offered for Dawid’s selection para-
dox immediately suggests an alternative hierarchical formula-
tion of priors that may partially resolve it or at the very least
provide a useful way of looking at it. The conclusions may
be simply illustrated using simulations and thus may make a
suitable teaching example to deepen students’ understanding of
Bayesian methods and the implications of certain choices of
prior distribution.

2. THE SPECIFIC EXAMPLE

Dawid considers a number of common examples of selec-
tion in statistics. The first and simplest of these will be exam-
ined here. Dawid describes an agricultural trial in which p vari-
eties are tested, with the aim of choosing that having the high-
est mean yield. This general sort of problem arises elsewhere.
In what follows, I shall consider instead the analogous case of
choosing the most active among a group of similar pharmaceu-
ticals in a preclinical experiment, for no other reason than that
it is a practical setting with which I have some familiarity. Note,
however, that using a conjugate prior is not necessarily the most
appropriate way to model this and for alternatives the reader
might look, for example, at Westfall, Johnson, and Utts (1997).

Suppose, following Dawid, that we select for future use
the most apparently active pharmaceutical i* associated with
the largest sample mean, X;«. We suppose that each X; ~
N (,u i 02). (Of course, each mean may not in practice be mea-
sured with equal precision, since, for example, the number of
replicates may not be identical. It is, however, sufficient for the
purpose of illustrating the point to be made here if this simplify-
ing assumption is made.) Having selected the given treatment,
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we wish to make inferences about u;+, which we label u* for
simplicity.

Now suppose that we take the proper prior 1; ~ N (6, %)
independently. Since # and 7 are known parameters (else we
cannot express our prior distribution) we may, without loss of
generality, proceed to measure everything in terms of standard-
ized units of the prior for which revised formulation we have
i ~ N (0, 1). Suppose, therefore, that in our previous formu-
lation this has been done. Hence ¢ is the ratio of the data vari-
ance for a given treatment mean to the prior variance and we
may set @ = 0, 7> = 1. We assume that o2 is known. Let y; be
the posterior mean corresponding to data mean x; and let in be
the posterior variance. Hence, we have from standard Bayesian
results, whereby the posterior mean is the precision-weighted
linear combination of prior and data means and the posterior
precision is the sum of prior and data precisions (“precision”
here being the reciprocal of the variance; Box and Tiao 1992),

1
Vi = (1+0_2)xi:
1 —1
2 _
qi _(1+;) ’

Hi ™~ N(J’iaqiz)' )

All we need to do to obtain the corresponding inference for u*
is to substitute the largest observed mean, x* for x; and write y*
for the posterior mean. The difference between the data mean
and the posterior mean is

o2 .
- — )x*.
1402

We thus see that there is indeed a shrinkage that takes place
and that this will be larger the greater the posterior mean and
also larger the greater the data variance, o 2. However, shrinkage
does not depend on the number, p, of treatments examined, nor
does it depend on their mean ¥ = >°7_, x; / p.

We now illustrate this using some simulations. The purpose
of these requires a little explanation. These simulations are not
designed to test how well Bayesian estimation works, in the
sense of calibrating a Bayesian estimation procedure against a
possible constellation of parameters in order to check frequen-
tist properties, as for example in Lambert et al.’s examination
of prior distributions for random effect variances (Lambert et
al. 2005). Nor are these simulations an exercise in practical in-
ference in the sense of Markov chain Monte Carlo estimation
(Gelfand and Smith 1990). The simulations are an empirical
representation of the knowledge embodied in two pieces of in-
formation we assume known: the prior distribution of x; and the
conditional distribution of X; given u;. Given these two pieces
of information the bivariate distribution of x;, X; is defined and
can be empirically represented by a simulation. From such a
simulation the regression of X; on x; can be estimated. The re-
gression coefficient which it estimates is nothing less than the
Bayesian shrinkage factor, which is given by (1). Of course, this

Figure 1. Simulation of the nonhierarchical case. “True” means, u,
and observed means X. The 500 unselected pairs are represented by
+ signs and the 500 pairs selected because the observed mean is the
highest of 10 are represented by o. The two regression lines of true on
observed means are shown and are virtually identical and at approxi-
mately 0.2 are much less than 1, showing strong Bayesian shrinkage
compared to exact equality, which is shown as a thick diagonal line.

means the simulation is superfluous. However, an empirical rep-
resentation can be revealing for the student. Since it is estimated
from a simulation, the estimated shrinkage factor is subject to
sampling variation, but if the number of runs is large it will be
very close to the theoretical value given by (1).

Consider now Figure 1. Two different setups have been sim-
ulated. In both a Normal population of treatment means u is
assumed to exist with mean § = 0 and variance 7> = 1. Such
a population is a frequentist analogue of the prior distribution
discussed earlier. A series of n = 10 “true” treatment means
Wi, i = 1...n are simulated and to go with each an observed
mean X; = x; ~ N (u;, 0%), 0% = 4is also simulated. This is
repeated 1,000 times and for each of 500 runs a pair (y;, x;) is
drawn at random from the ten simulated during that run. These
500 “random” pairs are plotted using the symbol + with x; on
the horizontal axis and x; on the vertical axis. The estimated re-
gression line of u on x is plotted as a dotted line. For each of the
other 500 runs a pair (u;, x;) is chosen such that x; is the largest
among the ten generated. These “selected” pairs are plotted as
circles on the same figure and the regression of 4 on x is plotted
as a dashed line. (Where color representation is available, much
larger numbers of simulation runs can be represented to make
the diagram more convincing.)

What the simulation shows is that whereas, of course, the se-
lected x values are higher than the randomly chosen x values
and in consequence the expected value of u is higher where x
is selected, the conditional expectation of x4 for given observed
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x is the same in both cases. This is illustrated by the regression
lines being nearly on top of each other. In fact expression (1)
says that the regression slope should be

1 1
02
14+062 144

The simulation produces an estimated slope of 0.19 for the uns-
elected group and 0.20 for the selected group. These are chance
differences and for a classroom demonstration one might like to
increase the run size.

3. A HEURISTIC EXPLANATION

A heuristic explanation of the conditional distribution being
unaffected by selection can be offered that is quite revealing.
The explanation is in line with the determinism that Dawid men-
tions. Consider what it means to be able to specify the proper
(conjugate) prior that was used in Section 2. It implies that the
population of means y; is known. It may seem at first that this is
preposterous. Such prior distributions are commonly used with
large values of 72 to represent very imprecise prior knowledge.
However, a little thought suffices to show that, first, given this
prior distribution the full distribution of all possible predictive
means can be produced, second, that simulating from such a
distribution can be approximated using an empirical distribution
based on a large collection of means sampled from it and third,
that however many means are examined the posterior mean of
the distribution as a whole is unaffected. This gives the expla-
nation as to why the values of the other means in the experiment
have no influence. They are simply a random subset of the in-
finity of means from which this one has been drawn and with
which it is already implicitly being compared. Given the prior
distribution, which describes the distribution of all means, the
particular sample of means observed is uninformative except to
the extent that each x; is separately informative about the rele-
vant and corresponding ;.

4. A HIERARCHICAL MODEL

This paradox is entirely an artifact of having selected a prior
distribution with independent y;. Instead of supposing that the
treatments are drawn independently from the same population,
suppose instead that they are drawn by some process analogous
to cluster sampling. This might, indeed, be an appropriate anal-
ogy for the example of testing pharmaceuticals that we consid-
ered in Section 2, where identification of a particular chemi-
cal structure, a so-called “lead compound,” suggests a number
of similar compounds that may be examined together. Together
the treatments form a “compound class.” We suppose now that
the following model holds. The x; are now no longer indepen-
dent given the original prior but are conditionally independent
(Dawid 1979) given their “true” class mean ¢. We now write
the model in terms of a two-stage hierarchy of parameters as
follows:

¢~ N(0,1—92)
Hi ™ N (¢’ 14 2)
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with the data distribution conditional on y; as before. Note that
for a single observed data mean x;, the two stages are irrelevant
with regards to what we can learn about z;: the parameter y 2
is chosen so that the marginal distribution of X; has variance
(1—9%) 4+ 72402 = 1+ o2 as before. However, the hier-
archical structure induces a correlation and it is no longer the
case, where a sample of means have been observed, that our in-
ference about any one of them is unaffected by the values of the
others.

We can construct an appropriate inference by proceeding
in the spirit of Dawid’s prequential analysis (Dawid 1984).
Suppose that we first observe p — 1 means, which we label
X1,X2,...Xp—1 and then construct a posterior distribution for
¢. We can use this to obtain a predictive distribution for s .
This distribution contains all the information about x, not con-
tained in x,. It can therefore act as a prior distribution for x .
Finally, having observed x,, we can update the distribution of
1 p appropriately. Given exchangeability, the order in which the
means occur does not change our inference about any of the pa-
rameters once all the data are in. (This is central to the fact that
the prequential approach can be used to mimic many standard
inferences by acting as if the data have been added bit by bit.)
We can, without loss of generality, assume that the largest mean
we observe is the last.

Note that conditional on ¢, the data means are independent
with variance y >+ 2. Therefore the data variance for the mean
of the p—1 means, X,_1,is (y2 + ) / (p — 1). However, the
prior variance for ¢ is (1 —y 2) and its prior mean is 0. Hence
the posterior distribution for ¢ is N (z, 7?) with

Z_[ (p-D(1-7? ]X
LoD+ |
> (1= (> +0?)

= - 2
pP-D(1=92)+(y2+0?) @

Note that as y2 — 1 the posterior distribution of ¢ collapses
around 0. This is as it should be since this effectively eliminates
the stage of the hierarchy describing the distribution of ¢ and
as was already noted in Section 3 under such circumstances the
distribution of the y; is known with certainty a priori even if
any given individual value is not. However, for y2 = 0, the
posterior mean and variance in (2) are

-0 _ 2 o’

Eo—Dr2 T ooy @

Now we may use (2) to obtain the “predictive” distribution
for u, (which, however, will not be observed). This will have
the same expectation but variance s> = r2+y 2. We may use this
as a prior for 4, and then update using the standard Bayesian
approach for inference about Normal distributions with conju-
gate priors already described to obtain—after some tedious but
elementary operations—an expression for the posterior mean of

Up as
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(k=D =92+ (1 +02)](c2+7?)
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Note that as y2 — 1, the posterior mean given by (4) ap-
proaches that given by (1) whatever the value of p, butif p = 1,
then it is the same as (1) whatever the value of y 2. If we divide
top and bottom of (4) by (02 +y 2) and multiply and divide the
rightmost term in the numerator by (l + 02) , then we can write
the posterior mean as

- 2 2
_ _ .2 (Fp-10” +xp77) ( 2) Xp
(p 1)(1 y) (02+V2) +(1+0o T2

p=D(1=92)+(1+02)

(5)

Thus, (5) is a weighted average of

(Fp-102 +xp7?)
(0% +77)
and
Xp
1+02

so that if the former is the same as the latter we have J_’; o

which is not dependent on p (and the solution for the nonhier-
archical case ). Solving for this condition yields

p2 =1 tp7! (l+0'2). (6)
Xp
Expression (4) would be the same, of course, if x, were any
arbitrary mean among the p means. It is the relationship be-
tween x, and X, that influences the adjustment, and given
these values whether x, is the largest mean or some other mean
is irrelevant. If x,, = x,—1, then (4) becomes

[(p—=1D(1=72)+1]x,
(p=D(1=92)+ (1402

5. ANUMERICAL ILLUSTRATION

The behavior of expression (4) is illustrated for a given nu-
merical example in Figure 2. It is assumed that 62 = 15,
Xp—1 = 1and x, = 3. A horizontal line is drawn at

Xp

=2.
1+02

This is the posterior mean for the nonhierarchical case, but
also happens to be the posterior mean, irrespective of y2 for
p = 1. Further values of p = 2, 5, 100 are illustrated. Applica-
tion of (2) shows that for these values the posterior means of ¢
given x,—1 = 1 (but without knowledge of x,) are 0.667, 0.889,
and 0.995, respectively, when y2 = 0. These are the values to
which the posterior means for x, given by (4) are “attracted”
for the case when y2 = 0 and they are progressively closer to
the observed value of X, = 1, the larger the value of p.

The behavior with respect to y 2, however, is rather more in-
teresting. It can be seen that for p = 1, which is the trivial case
where the largest mean is the only mean obtained, we have the
same inference whatever the value of y 2. However, for other
values of p the behavior is rather more complex. For y2 = 0

20 1

Posterior mean

P
— P
— P

P

= (TN -
[=1
f=]

Figure 2. Hierarchical case. Posterior mean as a function of the hier-
archical variance y 2 when the data mean is 3. Various cases are illus-
trated depending on the number of means, p, from which the observed
mean has been selected as the largest.

the values start near to the posterior mean of ¢, which is less
than the value of the posterior mean for 4, of 2 for the nonhier-
archical case. At y2 = 0.5, we have the same posterior mean
for u), , whatever the value of p; that is to say, however many
compounds in the class we have studied.

This is because for our numerical example (6) yields the re-
sult y2 = 0.5.

For 0.5 < y2 < 1 we have that the posterior mean of u pis
actually higher than for the nonhierarchical case.

6. A SIMULATION OF THE HIERARCHICAL CASE

Figure 3 shows an analogous simulation to Figure 1 but with
an extra stage to illustrate hierarchical sampling. The value of
y2 was set to 0.5. As before, the values for 8 were 0 and for o2
were 4. Using these values, for each of 1,000 runs, a value ¢ for
the group true mean was simulated. From each group distribu-
tion 10 true means y; were simulated and for each yu; an ob-
served value x; was also simulated. Again, for 500 simulations
runs a pair (u;, x;) was chosen at random from the ten available
and for another 500 runs a pair (x;, x;) was chosen such that
the value of x was the largest available. Again unselected pairs
have been labeled + and selected pairs have been labeled with
o. Both regression lines have been plotted and these will now be
seen to be quite different.

7. DISCUSSION
These results support Dawid’s examination. The choice of

prior is a delicate matter and has considerable influence on pos-
terior inferences. Given our hierarchical prior, then the poste-
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Figure 3. Simulation of the hierarchical case. “True” means, u, and
observed means X. The 500 unselected pairs are represented by +
signs and the 500 pairs selected because the observed mean is the high-
est of 10 are represented by o. The two regression lines of true on ob-
served means are shown but selected (dash) and unselected (dot) are
no longer identical. However, the regressions are still much less than 1
(shown by the thick diagonal line).

rior expected value of the most extreme mean in a collection
is affected by both the number of treatments studied and their
overall mean.

This is not the same as what happens in classical frequentist
inference, where the inferential context is not, as in the Bayesian
case, all experience and knowledge to date but some presumed
infinitely repeated behavior such as, for example, repeatedly
studying p treatments and making inferences about the mean
of the largest.

Of course, Bayesian inference for hierarchical datasets is
well developed. The program BUGS (Lunn, Thomas, Best, and
Spiegelhalter 2000) was developed specifically to handle such
inferences and there is a great deal of applied work in this area
(Ashby 2006). The example considered is not, however, hierar-
chical in the traditional sense. The dataset considered, that of
a single collection of means, is not hierarchical by nature, at
least not obviously. What is being illustrated is the analysis of a
single “galaxy” of means and not a collection of galaxies. The
hierarchy is conceptual. In this respect the example is a little
disturbing. The implication for the analysis of clinical trials, for
example, would be the following: the same hierarchical model
would have to apply for the analysis of a single clinical trial
as would apply to a meta-analysis, the only difference being
that in the former case one of the components of variation (trial
by treatment interaction) would have to be supplied entirely
by the prior. For recent discussion of the impact of the choice
of prior distribution in meta-analysis (see Lambert et al. 2005;
Senn 2007; Lambert et al. 2008; Senn 2008). A practical
example of the latter was given recently in a regulatory context.
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See the discussion of Hung, Wang, and O’Neill (2005) and the
hierarchical nature of the problem by Senn (2005).

To return to the example of preclinical screening, however,
consider some process of elicitation that reveals a value for o2
(this, in our formulation, being the ratio of the data variance to
the prior variance, which is standardized at 1). Inference is to be
made about a single mean. As such 72 does not enter into the
equation. As soon as a second treatment is studied, however, y 2
must become part of the inference and the choice of the value
may be crucial. Note that in theory several levels of hierarchy
may be necessary to capture appropriate prior beliefs. But even
if only two treatments have been studied in this compound class,
the class itself may be similar to some other compound classes
so that further hierarchical considerations may apply.

In short, the Bayesian may find it difficult to escape from
prior experience when seeking to make a valid inference but
find it equally difficult to recognize exactly what that prior ex-
perience is.

[Received November 2006. Revised May 2008.]
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