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ABSTRACT

Optimal statistical tests, using the normality assumptions for general
interval hypotheses including equivalence testing and testing for non-
zero difference (or for non-unit) are presented. These tests are based
on the decision theory for Pélya Type distributions and are compared
with usual confidence tests and with 'two one-sided tests’- procedures.
A formal relationship between some optimal tests and the Anderson and
Hauck procedure as well as a procedure recommended by Patel and Gupta
is given. A new procedure for a generalisation of Student’s test as

well as for equivalence testing for the t-statistics is shown.
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INTRODUCTION

The interpretation of a significant result of a wusual test for
significance suffers from the problem of saying nothing about the
difference between the true value and the assumed value of the
parameter of interest.

Let us consider the following hypotheses : H : y = ¥, Vs K:7y= 7y If
a test for significance rejects the hypothesis H then we still have no
information about the distance between ¥ and ¥y which would be import-
ant for practical applications. Such- a situation arises, when the
available data are extensive, as the test becomes very powerful and can
detect even small differences. The test then shows a significant result
that may be less important with respect to the problem in question. The
usual way to overcome the difficulty is to plan the experiment properly
based on sample size calculations. Let us regard the very common
situation where the variables are normally distributed. Sample size
calculations require the specifications of the type I and type Il
errors, a ’'difference to detect’ for the means and the standard
deviation. The latter is crucial because the standard deviation is
usually not well known. An overestimate of this parameter leads to an
overestimate of the sample size so that the trial has more power than
expected and can lead to the situation described above. Another point
has to be raiseéi. Even if the planning was correct, one cannot conclude
from a significant outcome that the difference between the means
coincides with the assumed ’difference to detect’, as a significant
result also can be caused by (true) differences of means less than
those the experimenter wished to demonstrate. The probability of this
event will be less than the power the sample size calculations were
based on, but greater than the type I error. Therefore, the ’'difference
to detect’ should not only be included in the planning but also in the
test procedure. The issue can be addressed by the following type of
hypotheses :

D) H:y =y =3 vs K:7<7lor7>72,

where A and 72 are real values (of practical interest) with 7, = v,
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If the hypothesis H is rejected by a suitable test then we have precise
information about the parameter y f(i.e., ¥ < ¥, or ¥ > 72). Note that

when ¥, =7, we have the usual two-sided hypotheses. The problem is

- usually solved by using the method of confidence estimation: If (cl,cu)

denotes a 1-2-a confidence interval, O < « <1, for the parameter ¥
then' H will be rejected if (cl,qu) lies outside the interval [xl,wz] .

The opposite formulation, i.e., how to show that a parameter (or
differences between parameters) lies inside a given range, is well
known as the problem of equivalence testing. The structure of the
hypotheses for an equivalence test is obviously related to the above

hypotheses. We only have to change the meaning of H and K :
: < . < < .
E)} H: 7 yoryzy, vs K Y <Y<y,

One would expect that the test for equivalence is analogous to the test
for a difference. This is clear. for the confidence interval method
equivalence is accepted, i.e., H is rejected, when the interval (cl,cu)
lies inside (7‘,72).

There may be situations where it is not clear whether one should test
for equivalence or for a difference. As an example we regard the
development of a new drug in medicine. The problem is to decide at a
very early stage whether the new drug is different or equivalent to a
known drug with respect to some parameters of interest. The case of
equivalence could lead to a ’'no go decision’, i.e. there is no interest
in further developing the new drug, whereas the demonstration of
difference in the framework of D) would give a good argument for
supporting a ’'go decision’. Therefore we have to test the hypotheses E)
and D) simulaneously so that the problem of adjustment of the a-error
appears. Another way to solve the problem is a test for the combination
of E) and D) as follows :

T oy Sys sy=s : > <¥<y,
E+D) H ¥ Sysy, or ¥ S¢Sy, Vs K 7<710r774or72773

where T, are given values satisfying the order 715...574.
The intervals 71 =97 = 3’2 and 73 s ¥y = v, of the hypothesis H can be
regarded as a region of ‘’indifference’, as the data support neither

equivalence nor difference. The question what to do is open again. A
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further development of the new drug may then depend on other
properties.

The problem of equivalence E) has been discussed extensively since it
was introduced to applied statistics by Westlake (1972) (see O’Quigley
and Baudoin (1988) for an overview and Anderson and Hauck (1983) for
the rationale with respect to medical situations). The question D) is
much older and was already discussed by Berkson (1938) and by Hodges
and Lehmann (1954). All these problems are formally related, and it
seems resonable that solutions can be derived within a general frame-
work. This is the objective of the paper : optimal statistical tests
are presented for the problems D), E) and E+D) based on the theory of
Pélya Type distributions for the common one- and two- sample problems
concerning the normal distribution for the sample(s). The decision
theory for Pdélya Type distributions was first established by Karlin
(1956) in order to answer some theoretical questions without regard for
any applications. Therefore, it may be interesting to see how it can be
used for problems that have arisen in the biological field and seem to
be far removed from original theory. The properties of these optimal
tests will be discussed and compared with the usual solutions, i.e.,
confidence tests and ’'two one-sided tests’-procedures. Previous
approaches to the problem E) for the mean of two normal distributions
with equal but unknowns variances, i.e., the Anderson and Hauck
procedure (1983) and the Gupta and Patel procedure (1984) are formally
related to some optimal tests. This relationship is helpful in order to
demonstrate easily the properties of these tests. As a result we will
establish better procedures for equivalence testing and a new procedure
for testing a non-zero difference between the means of two normal dis-
tributions, i.e., a generalisation of Student's test. Finally, a
systematical overview of the field based on decision-theoretical
arguments is attempted, although our main attention will be focused on
D) and E) as these cover most applications. The problem of designing
experiments for applying these tests meaningfully, is beyond the scope
of this paper. Readers interested in this topic are referred to a paper
published by S. Senn (1991).
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1. MATHEMATICAL BACKGROUND

In this chapter we present an overview of some important aspects of the
decision theory for Polya Type distributions as the theory seems to be
not well known, but without any proofs. Readers interested in further

details are refered to Karlin (1957).

1.1} DEFINITION (Pélya Type distributions) :

Let (P'a')wel'" where TSR, be a family of distributions and A an o-finite,
dominate measure. The distributions PT may have the following
A-densities : P7 = p(+,7)dA with continuous function p :RxI" - R , ywerl.

We say, that (Pz)ye belongs to Pélya Type n , neN, if

r

p(xl,wl) p(xl,:rm)

>0
plx ) o p(x )
for all m=n and for given numbers X, <..< x where xle[R,
v, <...< v and 3'151‘ . (p'y)yer‘ belongs to Pélya Type w , if (P'x)yel‘

is Pélya Type n for every nelN .

One can show that distributions belonging to the one-parameter
exponeﬁtial family (for example: the normal, the xz, the binomial, the
Poisson distribution), the non-central t- and the non-central F-
distribution all belong to Pélya Type ®. The Cauchy distribution is not
Pélya Type. Therefore the most important distributions occuring in

statistical practice can be regarded as belonging to the Pélya Type.

1.2) The theory deals with the following ’two action’ decision problem:

Let 11""'Im be some closed intervals (i.e., proper or unbounded
m

intervals or single points) with Il n I_, =@ for i#*j and U Il # T.
1=1

We define the decision problem for general interval hypotheses of

type n as follows:
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m

Here, n represents the number of boundary points of UII, where an
1=1

interval consisting of a single point is regarded as having two

boundary points. There is n = 2-m.
The decision problems D) or E) correspond to a decision problem for

hypotheses of type 2 and the problem E+D) to type 4.

It is clear that a test for the above hypotheses structure is not as
simple as a test for the usual hypotheses H : ¥y = 7, vs K: 7y # vy
Therefore, the following definition is helpful:

1.3) DEFINITION (monotone procedure):
A (randomized) decision function ¢ : R - [0,1] is called a monotone

procedure, if ¢ is of the following form:

. n
< < = 5
1, for C2'l t cZ‘l*l' 1 0,1, )[2]

p(t) := Tj, for t = cj, 0= -rj sl j=12,...,n

0, elsewhere

[a] denotes the greatest integer = a and c, = -o
¢(t)  represents the probability of  accepting the alternative
hypothesis, and t represents the outcome of a (sufficient) statistic.
All decision functions of this form will be summarized by the class ‘mn,
if only two successive numbers < and c__ coincide.

141
(The term ’monotone procedure’ has been taken from Karlin’s paper.)

1.4) The link between a decision function and a test ¢ is given by a
statistic T : (Zf,lB,(le)wEQ) 5> R, olX) := ¢(T(X)), where I denotes

the sample space, B a c-algebra on ¥ and (Pw)we a family of distri-

butions describing the data from the experiment. Xz X denotes a random
vector, and T is regarded as sufficient or invariant. It is assumed
that for every weQ there exists a parameter yel' with IPZ = P7 . There-
fore, the properties of a test depend only on the decision function.
Usually, we do not distinguish between a test and the corresponding
desicion function. The relationship between Pélya Type distributions

and monotone procedures is given by the following theorem :
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1.5) THEOREM :
i Let H™
0 < a <1 and let us assume that (P )

Y€

vs K™ be a given decision problem with a number
r belongs to Pélya Type n+l.
Then for any randomized decision function ¢ not in Jﬂn exists a
unique ¢* in mn such that R(y,¢*) = R(y,4) with inequality every-
where except for 7 = 7, with i=l,...,n . R stands for the risk

function and is defined with respect to Neyman-Pearson loss

functions:
J #(t): plt,y) dAlt) ,  if 7 € H™
Ri¢) ={ ©
J (1-9(1))- plt,y) dAt) , if ¥ e K™
R
ii) ¢a(t) = «, te R, is a randomized decision function for every

hypotheses H) vs K), hence a test p(X) = ¢*(T(X)), ¢* € rmn is

unbiased.

iii) A monotone procedure ¢* € mn is (r-a.e.) uniquely determined by

the numbers c‘;‘. 'c‘;‘ satisfying the conditions :

n

j¢*(t)-p(t,7l) da(t) + Zp(c‘;,vl)‘t’; = ¢, for i=l,...,n
151

R

and (in addition) if V=YL,

= ([ et e+ ) plet, 707" ) =0
% R 1=1 =y,
(Note, that only two successive numbers ¥, an can coincide!)
Some remarks are necessary concerning the theorem.
The condition i) allows us to consider decision fﬁnctions belonging to
the class fmn as they reduce uniformly the type I and type II errors.
These functions are determined by iii). The trivial decision function
¢q(t) = «, teR is improved in terms of risk by every ¢ € Emn, therefore
all tests based on the decision function belonging to Emn will be un-

biased (ii). The type 1 error will only be reduced, if H contains a
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proper interval. The maximum of this error is reached at the boundary,
i.e., the tests are ’'similar on the boundary'.

It is worth mentioning that results for the formulations D), E) were
already given by Lehmann but for the one-parameter exponential family
only. Usually, this does not lead to any problems as the common two-
sample statistical tests in a multiparameter-exponential family can be
reduced to a one-sample problem by conditioning (see Lehmann (1986) for
a recent presentation). So, the theory of Pélya Type distributions can
be regarded as a generalisation of Lehmann’s theorem with respect to
the geometrical structure of the hypotheses and the class of distri-
butions. Now, we are in a position to be able to apply the theory by
addressing the above introduced problems D) and E) to hypotheses of the
form H? vs K'” and E+D) to H'* vs K“.

1I. MONOTONE PROCEDURES FOR THE MEAN OF THE NORMAL DISTRIBUTION

Optimal decision functions for the normal distribution are an excellent
example for demonstrating the above discussed ideas as computations are
very easy, although in practice tests are usually based on the t-
distribution (i.e variance(s) unknown) rather than the normal distri-
bution (i.e variance(s) known). However, normal tests make good ap-
proximations. In what follows we only need to regard normal distri-
butions N(7,0) with a standard deviation o=1, as the test statistics to
be used later on are standardised with respect to ¢. The family
(N('g,l))veR of normal distributions belong to the exponential family,
hence it is of Poélya Type ». The application of theorem I.5,iii) leads

to the following equations for computing the critical values

L N * o o *
<t Cx(71’7z) (or c} 01(71,72,73,74)) (note that the number T} can

be chosen to be O because A is the Lebesque measure here) :

D) for 7, <7,

ce ce
1 © 1

00
J gty dt + J glt-y )it = j glt-y )dt + Jg(t-zz)dt =« 2.1

-0 ce -0 »
2 C2
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Cc* c*
2 2

E) for 7, < 7, ¢ Jg(t-yl)dt - J glt-y )dt = o 2.2)
c* c*

1 1

E+D) for A AR R

c* c*
i © 3

J g(t-';l)dt + J g(t-vi)dt + ‘[ g(t—vl)dt = q, i=l,...,4 (2.3)
- c* ce
4 2

~1/2

Here, glt-7) denotes the density (2-:m) -exp(—%-(t—y)z), t,y € R,

of the normal distribution. The case =9, (3'1 =7, and/or ¥, = 9'4)
can be handled by applying the second equation of theorem 1.5,iii) or
by simply allowing A - 7, (71 27, and/or ¥, 74). The figures ! and
2 show graphically the relationship between ¥, and the critical values

c‘; for equations (2.1) and (2.2).

With the help of 1.4) we present the t-test with known variance(s).

We make the usual assumptions : Let xl,...,xn, Yl""’Ym be
stochastically independent random variables, which are distributed
N(ul,of), N(uz,cz), with  known variances o-f >0 and o-z > 0,

respectively. Differences between the means are of interest, therefore

the decision problems are of the following form :

D): H:pe[s,8) vs K:pe[5,8)]
E): H:pe (61,82) vs K:pe (61,82) (2.4)
E+D): H:pe[8,8]v[s,8] vs K:pne [5,8]v[s,5],

with p = ) for the one sample, B=p -p, for the two-sample problem and

= <..= .
61 52 {or 81 3 4)
Hence, the parameters A for computing the critical values are

3 3
7 = —;l—-\/ﬁ or ¥ = ! Y nm , (2.5)

i
1

2 2
n-c. + m-o
2 1
The statistic T=T(X) or T=T(X,Y) is given by

= ? Y n'm

TK) = X VB or TXY) =
1

IR

=

[
[\

+

3

q
N
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Now, we are able to establish the test procedure :

1.) Define numbers 61, 62 (or 61,...,54) on the basis
of practical considerations
2.) Calculate the parameters ¥ 7, (or a'],...,74).
H H * #* * *
3.) Calculate the critical values el ¢} (or cl,...,c4). L (2.6)

4.) Calculate the t-value.
5.) Accept K (reject H), if T lies inside the critical
region i.e. D): T<c’; or T>c; , E): c*;<T<c; ,

E+D): T<c:*"l or T>c: or c;<T<c; .

It is interesting to compare the above solution with standard
approaches.
II.1) Firstly, we focus on the equivalence test problem; the others can

be handled in a very similar manner. There are two procedures in use:

conf

the confidence test ¢_~ , which was aready outlined and a 'two one-

sided tests’-procedure ¢::2)

(see Hodges and Lehmann (1954)). This means
we have to test each of the following two one-sided hypotheses at the
level of a :

: = : : z : <
Hl p oy = ',rl vs K1 ¥ > v and H2 ¥z ¥, VS K2 7 3’2
If K1 and K2 are accepted then equivalence will be accepted (i.e.,
(2)
E

v € [7,7,]). Hence, the test ¢ ° has the form :

(2)
(t) =1
E (u1-a+71’ua+72)

¢

(t), teR, where ¥, are the numbers of (2.5)

and Uy denotes the «~-fractile of ¥, where ¥ stands for the probability

function of the normal distribution N(0,1). (By IS we denote the char-

acteristic function of the set S, i.e., ls(t) =1 if teS and ls(t) =0

if teS.) The size is always lower than the nominal level because the

critical region of ¢::2)

is the intersection of the critical regions of
the one-sided tests. (By the size of a test we mean as usual the upper
bound of its probability of first kind error.). If the confidence test
¢§°M is .based on a 1-2-a confidence interval then ¢;2) = ¢;°"f

density of the normal distribution is symmetric. This is why we have to

, as the

compare the optimal test with the confidence test only.

Without loss of generality we assume ¥, =7 where 7, > 0, hence

2
C‘;(a'z) = -c;(arz), c;('yz) > 0. This can be seen from the following con-
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siderations: If H: u ¢ (61,62) vs K: p e (61,62) are any hypotheses
to test with 61 # —52 then we can define 6; = 51—5, s = é-(alﬂsz) and
have to test the hypotheses H’' : p-8 & (6;,6;) vs K' : p-8 € (5‘1,5;)

that are symmetric around zero.

* - * -
Yy 02(3’2) 7, 02(72) ¥,
From (2.2} it follows : @ = J g(t)dt = J‘ g(t)dt < J gltidt |
-0 » _ -0
cl(arz) v,

* > + * < +y . These i ualities de-
therefore cz(vz) u Y, and cl(zz) Ut ese inequali

monstrate again the well known ‘conservatism‘ of the confidence test :

£
5 (1) = 1, < 1, N (t) = ¢*(t), teR and
E \ul_awl,uawz) (01(72).02(72)) E

»*

cz(yz) Ut Ya
o = I g(t-'arz)dt > J g(t-'yz)dt = ‘[ g{tldt = > - «.

u +y u =27 72 v
c‘;(arz) 1-a¢ ‘1 1-a 2

Here we have denoted the decision function for the optimal equivalence
test by ¢E(t). The critical values u tr, and c;(yz) are asymptotically

equal. This is a result of the inequality for O < « < 1 (appendix I):

\I/(-Z-arz + ul_a)

c;(yzl—(ua+7 } <

for y_ = min(O,u_ ) 2.7)
2 2 1-&

min(g(ua)’g(u(ha)/z))

(It is min(g(ua),g(u ) = g(ua) for the usual choice of «.)

(1+q)/2

Clearly the confidence test cannot be used for parameters 71,72eIR with

%-]71-3’2| = min(O,ul_a), because «' = 0. However, the power of the

optimal test ¢; is limited for these parameters by the number
*( i _ * (i

\I/(cz(mm(O,ul_a))) \I!(cl(mm(o,ul_“))),

A remark should be added about the meaning of these results. Although
the theory of Pélya Type distributions improves the confidence test
method, one is inclined to regard the improvement as unimportant for
practical purposes. The power of the optimal test is very low for those
parameters where the confidence test fails. It ranges from 0.05 to
=z 0.18 for a = 0.05 (see figures 3 and 4). One can see that the confi-

dence test is a very good approximation to the optimal test if the
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power is above a certain level (> 50 %). The optimal test cannot only
be applied by computing the critical values c*!‘('zrz) because the symmetry

of g allows the following alternative formulation in p-values :

* * *
) < T<clly,) & IT| <cilr)

IT| c3(¥;) (2.8)
W T|-a )0 T[-7) = [ gty e < I glt-y )t = «
-|T| ci(v,)

Following from this, however, both tests can easily be applied.

What can one say about the problems D) and E+D) ?

IL.2) An optimal test for the problem D} can be obtained from ¢$r
because of the identity ¢; = 1—¢E (A-a.e.), where ¢; is based on a
level of 1-«. The analogous identity holds for the confidence test,
which corresponds to the ’two one-sided tests’-~procedure and is there-
fore of the form

¢;°nf(t) =1 teR, v, = -y,9. 20,

(1),
( w,uawl)u(ul_awz,w) 2 %2

We learn from the inequality ¢;°nf(t) > U ¥y )ulcH(y )‘w)(t) =
1% 2%

¢;(t), teR, that the size always exceeds the nominal level, but the

optimal test can be approximated by the confidence test even when the

parameters tend to small values, i.e,, v, > 1. This is the meaning of

the following formula, which follows from (2.7) by changing « into

I-a :

V(-2-y -u )
_ , for‘712>0andec<l (2.9)

* -
02(72) (ul_uwz) < >

g(ul-afz)
But the reader should be aware of the fact that the confidence test
becomes very ’liberal’ in the neigbourhood of 7, = 0. The size of the
test reaches the m;ximum of 2-a for 7, = 0. This can be overcome by
using l-a instead of 1-2-a for the confidence level, but the size then
tends to «/2 for larger - values of 3'2 and testing for difference is only
of interest for larger parameters 72. The test can also be used in
terms of p-values :

Accept K, if 1-¥(|T{~7 +¥(-|T|-7 ) < « .
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11.3) Recall that the hypotheses of a test for E+D) are of the form

: = = . = = =
H.71<7<72 or 73<7 ¥, vs K KEUKD

i : < > cy <y <
with KD '3 ¥ ory 7, and KE 7, v v, where v ¥, are
real numbers satisfying the order 7, .59, (only two successive
numbers ¥, 7, may be equal). )

The critical values cT = c‘;‘(qu,..‘,74) are determined by the equation

(2.3). The test is of the form ¢E+D(t) (t) =

=1« * * A%
( m,cl)u(c“,m)u(cz,cs)

1(-m,c?)u(c:,m)(t)ﬂ(c*,c;)(t)’ teR and can be regarded as the addition

of a test for equivalence and for a difference. In what follows, we
consider the case of symmetric hypotheses only, i.e., ¥ =Y,
¥, U, Y, > 0 and ¥, = 73+d with d = 0. Using this procedure, we are

nZt onl; interested in accepting the global alternative hypothesis K,
but we wish to decide whether the data support equivalence or a differ-
ence. Therefore another type of error is to consider: the probability
of accepting equivalence (i.e., 7, <y < 33) when there is a true dif-
ference {i.e., ¥ < y ory> 74) and vice versa.

If the first probability is denoted by P(KE|KD) and the second one by

P(KDIKE) then we obtain the following lower and upper bounds :

c*-7 -d
P [K,) = f g(tdt = @ and ( I J tidt s PK|KY) < e
C"“? _d -0 c"

The formulae show that these errors depend basically on the distance

between the hypotheses‘ KE and KD and this fact can be wused for

adjusting the a-error by applying it twice to the confidence test: once
for equivalence and once for difference, respectively. This is
possible, as ¢* can be approximated by a test ¢°°nf(t) =

E+D E+D
(t)+1

1 o _ (t), teR for large values of
( @ -7, d)u(u2+ars+d,w) (u1 VUt )
(i.e., 7, = 2.5), where the numbers ul,uzelR are the (uniquely deter-

mined) solution to the equation {appendix II):

u
1 -]
1
- = 4 2.1
(j J) g(t)dt = (j + f) glt-didt = o for o < } (2.10)
-0 U -0 u

2
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Usually, one is unwilling to apply the confidence test twice by solving
the above equation first. Therefore, we compute the size for the
confidence test method based on a given confidence level. We let
¥ u and obtain the following expressions for the size depending

3
on gy or v, respectively :

© ul-a-2.73
conf conf N
7quE*D E73¢E*D a + { I f ) g(t)dt an
u +d ~u -2y _~d
1-Q 1-0 3
-] ul_a~2'13-d
conf conf
- = - dt .
E7 ¢E’D E74¢E’D a + J- J ) glt)
! u +d -u -2y -2+d
1-« 1-& 3
. conf conf _ :
It is E73¢E’D = E74¢E’D > 2'a for d = 0 as LA - ®. This means that

the confidence level has simply to be halved for a hypothesis
H = {3'1=72, 3'3=a'4}, which consists of two single points only. This re-
sult can also be obtained by (2.10) for letting d » O. The left sides of
the formulae differ from zero for d > O, but they become negligible for
the usual choice of «. The size of the test can be calculated with the

conf - i
help of E71¢E’D = a+\Il(ua d), i=l,...4.

III. MONOTONE PROCEDURES FOR THE NON-CENTRAL AND
SHIFTED T-DISTRIBUTION

We obtain optimal decision functions for the noncentrality parameter
7€R of the non-central t-distribution in a completely analogous manner
as we did for the mean of the normal distribution; in the formulae
(2.1)-(2.3) we change only g(t-y) to the density pk;y(t) of the non-
central t-distribution. The usual application is the t-test (with
unknown variance(s)) :

The assumptions are the same as in the previous section, but we regard

2

. . 2 2
the variance ¢ or the variances c:r1 = 0‘2 =: ¢~ to be unknown. The non-

centrality parameter is of the form

MR,

7= f‘i'*/ﬂ or 7 = ‘Y n*m  and the statistic T is given

'Y n+tm
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% (X~-¥)vV n'm

by T= ¥yl or T= ——— | with
&(x) A
o(X,Y)v n+m

. /307 -1+ B0 o)) T a L
O‘(X’Y) = , o(X) = _;1_:1— Z (Xi—X) s

&Y respectively.

The test procedure is the same as (2.6) but starts with the definition
of the values L i=12 (or i =1,...,4) , as ¢ is now considered to
be unknown. In the case of a symmetric equivalence interval i.e.,
3’1 = '72, '3’2
be computed by the non-central F-distribution (see Johnson and Kotz

(1970), p. 205) :

> P * = —* * >
z 0, the critical values cl(’arz) 02(72), cz(vz) 0 can

c2(z,) S{CRE

J pk;z,(t)dt = j p1,k;72(t)dt = o« with and k=n-1 or k=n+m-2. (3.1)
—c;(vz) 0 :
Here pl’m,(t) stands for the density of the non-central F-distribution
The result is that we have found an optimal solution for the problems
E), D) and E+D) but for the noncentrality parameter y and not for the
mean. This is consequence of the invariance of the t-statistic, hence
the result is not surprising.
Unfortunately, a test for the noncentrality parameter says nothing
about the parameters of the distribution of the original data as a
ratio of the form g is considered and not the parameters themselves.
This is clear for the one-sample problem.
However, a test concerning the decision problems E), D) and E+D) for
the difference of means can be obtained by approximation, for example
by the confidence test method. There are two other approaches described
for equivalence testing : a procedure suggested by Anderson and Hauck
(1983) and another one recommended by Patel and Gupta (1984). In all
procedures one has to estimate the unknown parameters v, by estimating
the unknown variance o’ Although the properties of these procedures
have been studied intensively during the last years (e.g. see Frick

1987, 1991 and 1992) it seems to be worth mentioning how they can be
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obtained from the approach discussed above. The relative merits of this
approach is to provide a detailed look into their features from a sys-
tematical viewpoint. As a result, we are able to present ’average’
tests that improve the Anderson and Hauck procedure and the confidence

test as well.

III.1) Anderson and Hauck’s procedure deals with the decision problem
of the form (2.4,E)), but 61 = —62, 62 := & > 0, The alternative hypo-
thesis is accepted if Fk(|TI-92)-Fk(-|T|-§2) < «. Here, T is the usual

t-statistic, Fk denotes the central t-distribution with k degrees of

freedom (k = n-1 or K = n+m-2) and ?2 is an estimate of the parameters
(2.5), i.e.,
7. =28 or 7. =2V nm / (men) ¥ =-7 (3.2)
2 o 2 0 ' i 2 :

by substituting & for o (e, &= &X) or & = 9(X,Y)). Let pk(t) =

p, (t), teR be the desity of the t-distribution and c %2) >0 a

k;0 AH(

X
(uniquely determined) solution to the equation J‘pk(t—éz)dt = q, with
-X

X > 0, then equivalence will be accepted if |T| < cAH(e'z) (*AH’ stands

for ‘Anderson and Hauck’). This is a result of the inequality :

I7| CAH(QZ)
Fk(|T|—§2)-Fk(-[T|-92) = I pk(t—{r\z)dt < ka(t-gz)dt = «. The sym-
-I7l -, (3.)
¢, (%) ¢, (%,
metry of P, implies fpk(t-él)dt = ka(t-éz)dt with 91 = -92 .
¢,y (3,) ~e,,(3,) (3.3)
Therefore the corresponding decision function ¢:H(t) =

1 i i -
(_CAH(%Z),CAH(QZ))(U, teR can also be obtained by solving the equa

tion (2.2), replacing the density g(t-a’z) by the shifted density of the
central t-distribution pk(t-92). The family of shifted t-distributions
is not Polya Type ! Thus the theory of Pélya Type distributions cannot
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be applied. However, the formula (3.3} coincide with (2.8) when the
variance is known and the t-distribution is replaced by the normal dis-
tribution. This formal relationship between the Anderson and Hauck
procedure with unknown variance and the optimal test ¢; for the mean
with known variance(s) is quite helpful for a further discussion of the
procedure. In chapter II.1) we found that the confidence test ¢::°M is
a very good approximation to the optimal test ¢E with regard to
practical applications. It seems reasonable that a similar result will
be obtained for the Anderson and Hauck procedure. Let us write

¢conf(t) =1

. t A A (1), teR for the confidence test based

-yt )
ki1-a ‘2" ko ‘2
on the t-distribution ( with k degrees of freedom }. Repeating the

considerations of (II.1) and appendix I) leads to the result for

0<a<l:
A A A A
cAH(arz) > tk,awz , —cAH('xz) < tk,x—a-"yz , and (3.4)
A
F (2% +1t )]
A A k 2 k31-0 N
cAH(arz) (tk;awz) < = R(wz) (3.5)

mm(pk(tk ;a)'pk(tk; ( ua)/z))

A
>
for 7, max(O,tkyl_a)

We obtain for the power function the expression {see appendix III) :

AH : .
E7¢E (zrz) = Iy(CAH(Vz)) , where Iv(c('a'z)) denotes the integral

w0
I (c(arz)) = J [\II( 2 -c(@ -rz)-w)—\ll(——u—- -c({—g— -72)-7)] nk(u)du
4 ! Vi v
'nk(x) stands for the density (3.6)
(k-z?;"’; - x* g{x) , for xz O
7, (x) = 2 T(3) keN,
o, for x < O

where g stands for the normal density.

It should be noted that the power function of the confidence test can
be obtained by changing the critical values c AH(?2) into tk oc+92 in
(3.6).
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The power function of the tests are related to the distribution
function of the noncentral t that would appear, if the critical values
would not depend on u (see appendix III, (IIl.1}).

A word regarding the notation is needed. The parameter ¥, = 72(k,§_) (or

7= 'J(k,g)) is a function of the degrees of freedom k and the

noncentrality paramter g (or (L; ). In what follows, we denote the
3 . .
dependence of ¥, upon T = ~ (or 7 upon ) for given sample size(s) by

72(1) {or by g(u)). We write 32(1() if 7, is regarded as a function of

the sample size(s) for given ratio g.

Differentation of the power function to u shows immediately that both

tests are unbiased, as we get the expression :

8 3 conf 0, for p=0

AH =
3 Eru®e (@), 5ATE7(M)¢E W) = < 0, for u=0

The power reaches the maximum for pu = O for both tests and decreases

strictly to zero if |u|> «. Hence, the size can be obtained by setting

u =28, e, ¥ = v,

The asymptotic behaviour of the size Ear ¢:H(72) can be studied easily
2

with the help of the lower and upper bounds given below. This is a

direct application of (3.4) and (3.5) on (3.6).
The following inequalities hold for all 7, = 72(1') with T2z >0

0
(appendix 1V):

z(T) [
AH u u vk
E72¢5 (7,) < _[‘I’(Fk tk,ahﬁ RO -72(10)) 7, (u)du + '!‘ ';)k(u)du
2T (3.7
and
AH conf -
E72‘1’&: (72) > E72(10)¢E (72(70)) B
(3.8)
[++]
u
& - _[ W— tk,a) nk(u)du B Fk,z-'; (t )(tk,a) :
K 20
2{T)
. 1
ﬁ-grz(r)/ltk’d , if a# 5

Here it is z(t) = {
. 1
o , if a=-2
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The unequality (3.8) proves a statement mentioned by Schuirmann (1987)
that the size of the confidence test is always dominated by the size of

the Anderson and Hauck procedure.

Application of Lebesgue’s theorem (’dominated convergence'} on the

right side of these formulae ('l:0 > «) and on (3.6} leads to

AH . conf
lim E ¢_ (v.(1)) = 1lim E ¢ {(y (¥)) =F (t )=« and
T30 72(1:) E "2 - 72(1:) £ 2 kK k&
(3.9)
. AH _ - - =
,i,_l)x: E12(1)¢E (3’2(1)) - Fk ( tk,(lux)/z) Fk( tk,tua)/z) ¢

The first formula says that the size of the confidence test coincides
approximately with Anderson and Hauck's procedure. Both tests maintain
the level for large values of T as well as the latter one if we let T

tend to zero ({second equation). We learn from (3.8) that the size of
conf
¢E

numerical computation shown in figure 5, it follows that the size of

is always lower than o and converges to zero as T » 0. From

Anderson and Hauck’s test is always higher than the given level for
v, > 0. (The reader should be aware of the fact that this statement has
not the same strength as the others as no mathematical proof is
presented. The evaluation of (3.6) is rather arduous, but ought to be
done sometime for completition.)

However, the asymptotic behaviour for T = T > O and increasing degrees
of freedom is the same for both tests :

The confidence test as well as Anderson and Hauck’s procedure converge
uniformly to « for T = 7, >0.

This follows from (3.7), (3.8) and (III.2) (see appendix III),

Finally, we note that the Anderson and Hauck procedure |is
asymptotically equal to the optimal test ¢; as k » o :

i;r: (e, (¥, (kD-c3(x (K))) = 0, because |c, (¥ (k))-cjly, (k)| =

|cAH(72(k))-(tk’a+a’2(k))| + ]uaﬂ'z(k)-c;(a'z(k))[ + ltk’a-ual ,
where c;('lz(k)) denotes the critical value of the optimal test ¢;.

The Anderson and Hauck procedure is always 'liberal’, whereas the con-
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fidence test is ’'conservative’, particularly for low sample sizes. This
fact has been noted rather often. A better procedure can be established

by 'averaging’ and will be described in the next section.

1I1.2}). The method of ‘averaging’ and its rationale can be explained
with a few words. The decision problem and the test statistics are the
same as before, but the critical values are determined differently.
Therefor, we note that the integral (3.6) is an increasing functional
in c(+), i.e.

if 0= 01(72) = °2(7z) for 7,20 then Iv(cl(arz)) =< Iy(cz(yz)) for
g
P
the confidence test. We consider the following example :

7, 2z 0. This means that any function of critical values c(arz),
2 0 that dominate those of the confidence test increases the size of

t , for y_ =1t + t
k, (1+0) /2 2 Kk, (1+Q)/2  k,1-Q
cLB(zz) = , ¥, 20

+ >
t ot ,for'72 t

+t
k, k,(1+)/2 k,1-&

(’LB’ stands for ’lower bound’). The ’lower bound test’, i.e. the test
belonging to the critical values CLB(72) improves already the
confidence test and maintains the level for 'a'z = 0 and 72 > o (see

(3.9)). The test is also strictly ’conservative’ (verified by numerical
computations.) ‘We have CLB(72) = cAH('Jz) for ¥,z 0.

Let us define ‘average’ critical values cAv(wz) with weight functions

wn(72) as follows :

cAv('xz) = wl(72)~cLB(72) + wz(vz)-cAH(vz) R wl(arz), wz(arz) z 0 and

v

wl(z'z) + wz(a'z) = 1, for 7, 0.

There is CLB(72) = cAv(wz) = cAH('JZ) V7, 0 for all weight functions.

(-c .c )(t), t € R, with Cy = cAV(WZ) im-
AV’ CAV

Hence, any test ¢‘::V(t) =1
proves the confidence test as well as the Anderson and Hauck procedure.
The problem to find appropriate weight functions is as difficult as to

find an optimal test. In what follows, we set the weight functions to
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constants. In that case the weight function should depend at least on
the degrees of freedom to take into account the fact that Anderson and
Hauck’s procedure is asymptotically equal to the optimal test ¢; as
k > @« . A meaningful and easily to handle criterion to determine the
weight functions could be to ensure an ’average’ level of «. From the
first equation in {(3.9) we know that for smaller parameters 0 = T = T
(rl depends on k € N) the deviation of the size from the given level
becomes important. We are able to compute the weights in a way that the

T
1

. 1 AV : R .
equation 7, J E7z(t)¢5 (72(1:)) dt = « is fullfilled, i.e.,
0

the ’'average’ level is provided for 0 = t = 1:1. Therefore, we have only
to note that test becomes strictly ’conservative’ when w, tends to 1
and strictly ’'liberal’ when w, tends to I and that the true level

E'X ¢:V(72) depends continuously on W, W The examples given in figure

7 zhow that ’average’ tests provide quite accurate results even for low
degrees of freedom k, i.e., k = 20. Clearly, an ’average’ test is also
unbiased and converges uniformly to «, for T = To > 0. The test cannot
be expressed in terms of p-values. The equation (3.3) has always to be
solved. It needs only to be applied when the confidence test shows an
insignificant result but the Anderson and Hauck procedure a significant
result. 'Average’ tests increase the power of the confidence test, but
the improvement seems to be of minor importance as this is the case
with any improvement of the confidence test. This can be seen from fig-
ures 5 and 6 that summarize the above considerations graphically. The
power of any test that maintains the a-level is bounded by the power of
Anderson and Hauck's procedure and the confidence test (the ’lower
bound test’ gives a slighly sharper lower bound) and will lie inside
these bounds. The point with equivalence testing is that the power is
limited by the length of the alternative hypothesis and can only be in-
creased by increasing the sample size so that asymptotic features be-
come relevant. If the size of the test is regarded as a function of the
power and if we assume that a meaningful experiment has to have at

least 50 % power in the middle of the equivalence interval (-3,8),
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which is clearly a week condition, then the size of the confidence test

is about 4,9 % (k=10) when o« is set to 5 % !

III.3) What about the procedure recommended by Patel and Gupta ? This
procedure also leads to a decision on hypotheses (2.4,E)) with 61 = -§,
82 = &8 > 0. The alternative hypothesis is accepted if the statistic

T = cGP(n,m,?z,on)2 = ccp(éz)z. The  critical  value ccp(gz)2 is
c (§)?
P ‘2
determined by the equation ‘[pl’k;gz(x)dx = «, where p’;/\z denotes
the density of the non-central F-distribution with 1 and k degrees of
freedom and noncentrality parameter 9: The relationship to the first-
mentioned optimal test for the noncentrality parameter is as follows :
If 02(92) is the critical value of the optimal test computed (by
setting ¥, = 92) then cop(éz) = c;({z\rz). This follows from the identity
(3.1). Therefore the procedure of Patel and Gupta coincides with the
optimal test for the noncentrality parameter if the unknown standard
deviation ¢ in (3.2) is replaced by its estimator and the usupal t-
statistic T is used instead of T°. The power function can be obtained
by changing the number c(a"z) in (3.6) into cGP('arz). This test is also

unbiased. The true level can be computed by setting y = v, and it is

g1

shown as a function of T = in the figure 8 The curves in the graph
support the conjecture that the size tends to zero for every fixed
degree of freedom if the parameter T tends to infinity and converges
uniformly to zero for T = L > 0. A short proof is given in appendix V.
These properties are rather strange as convergence to ’'normality’ Iis
expected at least for increasing degrees of freedom. We know from the
lemma in appendix V that c('érz) = d0+dk-',)r2 is an upper bound for cGP(xz)
as y » ® . The number d0 does not play a role for the asymtotic be-
haviour and may differ for every k (as long as the set of these numbers
is bounded). Therefore we set do = tk,a to be able to compare the
critical values ccp(72) with those of the confidence test. For

sufficiently large v, > 0 we obtain :

< = .
CGP(a’Z) C(yz) tk,a+ dk 72 < tk,a+ 72
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Now, it is easy to see that the factor dk < 1 is to blame for the con-
vergence of the size to zero as T » « when the degrees of freedom are
kept constant. The (uniform) convergence of the size depends on the
asymptotic properties of the sequence (dk)kE[N . If (dk)kE[N tends
'slowly’ to 1 then the size of the test converges to zero (see appendix
V) although c(z'z) tends to the critical value of the confidence test.
Any higher 'rate’ of convergence of (dk)kE[N to 1 leads to a value of
the size that lies between zero and « ! Therefore, the Gupta and Patel
procedure is really worth studying as a nice example that some slight
changes in the definition of a procedure may lead to completely un-

expected results, but it cannot be recommended for equivalence testing.

111.4) A word should be said about the problem of testing a non-zero
difference of means, i.e., a generalisation of Student’s t-test. The
problem is to test H: -8 s u = dvs K: p<-dorpu>38 withd z=0.
This question was already covered by of a paper published by Hodges and
Lehmann (1954). They presented a geometrical construction and proved
when there is one degree of feedom that the construction leads to a
conditional test which is ’similar on the boundary’ and improves the
power of the 'two one-sided tests’-method based on a level of «. The
problem for higher degrees of freedom seems still to be unsolved.

The hypotheses can be tested with the ’two one-sided tests’ procedure
which coincides with the confidence test as we described in II.2) and
we have the same delimma with the size : the test exceeds the given

a-level in a neigbourhood of 92 = 0, if it is based on a 1-2-a confi~-

. : conf _
dence interval, i.e. ¢D (t) = 1(_00’t _9 Yult +9 ’m)(t), teR.
e ‘20 k- ‘2

The size is kept for ’3\*2 = 0, if l-a is used for the confidence level
but tends to «/2 for larger values of 92.

Therefore we ask the following : What will happen, if we replace in the
formula (2.1) the density of the shifted normal distribution g(t-@) by
the density of the shifted t-distribution pk(t—g) as we did for the
Anderson and Hauck procedure ?

The notation may be the same as in IIL.1), but we denote by 00(92) a

solution to the equation
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A A
-cD('arz) ® -cn(a'z) ©
A A A A
J pk(t-qz)dt + I pk(t-wz)dt = J pk(t+3rz)dt + f pk(t+zrz)dt =«
- . A -0 A
00(72) cD(rz)

and by ¢2H the following decision function

AH _ ‘ AH ;
¢D (t) = l(_m’_CD(QZ))U(CD(QZ),M('L), teR. ¢D is linked to Anderson

and Hauck's procedure. If qb;H is based on a l~a level then ¢QH = 1—¢2H
(A-a.e.). Therefore, the properties of ¢gH can be obtained from ¢2H
easily: The power function of the test is given by the formula
E7¢3H(72) = 1—Ey¢:“(72). The test is unbiased and coincides
asymptotically with the confidence test (for 1-2-a) because of the in-
equality

A
Fk( 2 72+tu;1-a)

for 92 >0, a < 1 (3.10)

A A
0 <c (7 )=t +7,)< 2

ki1-Q
pk(tk; l—(!/Z)

The size can be computed by setting y = v, and converges uniformly to «
for all T = T, > 0. Figure 9 shows that the test is slightly ’conser-
vative’, as expected, even for small degrees of freedom. Therefore,
this procedure may be recommended as an acceptable generalisation of
Student’s test. The test can also be handled in terms of p-values as
follows :

Accept K, i.e., p < -3 or p > 8, if 1~Fk(lTl-92)+Fk(-|T[—{7\2) <a .

IV. MONOTONE PROCEDURES FOR THE ('STRETCHED') xz_
AND (’STRETCHED’) F-DISTRIBUTION

Monotone procedures for the xz-distr'ibution appear in various
situations. The classical problem is to compare the (unknown) variance
of a normal distribution with a given value. Another application may
consist of an approximate approach to the goodness of fit testing.

We concentrate here on the equivalence and ’difference’ testing only.
Theorem 1.5) easily allows us to set up appropriate tests.

The assumptions are the same as in II). We regard the random variables

2 2 \ .
Xl,...,Xn o« N(ul,crl), Yl,...,Ym 1] N(uz,o'z) as  stochastically inde-~
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pendent and the variances o-f >0, rrz > 0 and means “1' “2 to be un-

known. The hypotheses are the following:

it

E} H:l(o/o )2 ¢ (rz,rz) K : (crl/a‘l)z € (rf,rZ) , i =02

2 2 2 .
D) H : cr /o* € [r r K : (crl/o-l) e |:r'l,r2 , i=02

Here, a"f > 0 is a given constant for i = Q, the variance of the second
distribution is given when i =2, and O < rf = r; represent real
numbers.

A remark should clarify the notation. The expression ’difference’ is
not appropriate in this context as a ratio and not a difference of
parameters is considered. In order to avoid new notation, we also use
this term for the ratio. The reader should keep in mind this
distinction.

In what follows, we express the above decision problems in a
standardized form by multiplying by er' The above hypotheses are then
equivalent to the hypotheses below :

)2

E') H : (crl/crl-rl)2 é (l,rz) K’ : (crl/O'l'r'l € (l,r‘z) s i=0,2

) 28] 2 2 N 2 2
D) H: (01/01'r1) e [1.r] K : (01/01'r1) ¢ [Lr]

—
]

0,2,

where r=r_/r_.
21

n
We define S(X) = 4 Z (X)-)—()z, S(Y) respectively. The statistic
) n-1 =1
xz = (_n_—_;)'_Sil)_ is as ’stretched’ xz-distributed with n-1 degrees of
¢t -
o 1

o
freedom and the parameter 3’2 = ( !

= )2 . The density xzz can be ex-
0 1 7N

pressed by the density xi of the central xz-distribution:

2 _ 1 2
X2 (X)'Txn(
¥;n ¥ ¥

S(X)

sample problem is F = - which is as ’stretched’-F distributed
r°-s(yY)
1

), xeR, neN, 72 > 0. The statistic for the two

le

with n-1, m-1 degrees of freedom and the parameter 72 = (

o_'r
2 1

The density f ) of this distribution can also be given using the
¥ :n,m

density fn m of the central F-distribution :
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¢ (x) = - f (%), xeR, n,meN, 32 > O (Witting (1985), p. 217).
2 2 ‘nm_2
7 in,m 7 ¥
In order to apply the theory of Pélya Type distributions, we have to
check whether these families are of Poélya Type. The ’stretched’
xz-distribution (xzz dA) 2 is of exponential type, hence of Pdlya
¥y in 7 eR+

Type «. The ’stretched’-F distribution (f 2 d?t) 2 also belongs to
¥ ;n,Mm ¥ ERs

Pélya Type . (This can be proved applying complete induction on
definition I.1) and with the help of lemma 1 of Karlin’s paper (1957),
p.285). All assumptions of theorem [.5) are fillfulled so that part iii)

can be applied to compute the critical c’;‘ = cT(r) values for 1 < r’

c* ce
1 -] 1 -]
D) I q (t)dt + '[ q(t)dt = I q (tidt + I q ()t = a (4.1)
[+ Cc* 0 r c* r
2 2
C; c;
E") I q,(t)dt = J-q J(tdt = « (4.2)
c* c* r

1 1

Here, qr(t) denotes the ’stretched’ xz-distribution for the one sample
problem or the ’stretched’ F~distribution for the two sample problem,
respectively. These equations can be solved using the central xz— or F-

2
c* c*/r
2 2

distribution because of the identity Iq 2(t)dt = I ql(t)dt .

er T 2
1 c;/r

The test procedures are analogous to (2.6):
1.) Define numbers 0 < r < r, depending on the material problem.

2.) Standardize the hypotheses by multiplying r and r, by l/rl.
3.) Calculate the critical values c‘;, c;.
4.) Calculate the (standardized) xz- or F-statistic.

5.) Accept K (reject H) if xz or F lies inside the critical region,
i.e., D): xz (or F) < c‘; or x2 (or F) > c; , E): c'; < 12 (or F) < c; .

Finally, we want to compare the optimal tests with the ’two one-sided

tests’-procedure as we did in the previous section. (It is known that a
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confidence test does not coincide with the ’two one-sided tests’-
procedure. This is caused be the asymmetry of the xz- and F-
distribution, which means that the critical values do not correspond to
«/2- or 1-a/2 fractiles. See Lehmann (1986) p. 217 or Witting (1985) p.
263, 378) In order to simplify the notation, we denote by z, the
«-fractile of the central xz—distribution with n degrees of freedom or
the o-fractile of the central F-distribution with n and m degrees of
freedom, respectively.

The decision function of the procedure for equivalence is of the form

(2, \ _ o (2) . .
¢E (s) = l(z ,rz-z )(s) and it is ¢E (s) < ¢E(s) with
1-a «
* - . . N . R
¢E(S) = l(c‘;(r),c;(r))(S) with s = 0. The test is ’conservative’ and

. 2
can only be used for a ratio of parameters rz > zl_a/za. The x"- and F-
distributions are not symmetric, therefore we need different inequali-

ties for the lower and upper critical values.

z
We obtain the formulae for « < é and r2 > 1%,
fid
[+1]
0<z2 - c*¥(r) < 1 . J q(x)dx
e min{q(z ) alz, N
1-2-a” U T1-a co(r)
(4.3)
z /r‘2
) 1-&
0 < c*r) - rloz < r . J q(x)dx
2 min(q(z_),q(z_, ))
atz,?s 2 a 0

The value co(r) is the (uniquely determined) solution to the equation

2
pl(x) =p 2(x), x > 0 with co(r) = 2'n- _E_zl_n__r for the xz-distribution
r r-1
m 2y n+m l"z
with n degrees of freedom and c (r) = ( o (9 - 1)- -

P2 (rz )n+m
for the F-distribution with n and m degrees of freedom. Finally, we can
gain power using an optimal test procedure. The optimal xz—equivalence
test increases the power by about 0.21 (a = 0.05, 10 degrees of
freedom). Therefore, the results are quite similar to those that are
discussed at the end of II.1).
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(2)
(
D

The ’'two one-sided tests’-procedure for the problem D) is ¢ “(s) =

l(o,za)u(zl_a-r'z,w)(S)’ s 2 0 and exceeds the nominal level «, as the

relation ¢x()2) > ¢; holds, where ¢;(s) ), s=0

= Yo,crrhuler(r), e
denotes the optimal test. This fact seems to be less important, as a
test for ‘’difference’ is wusually of interest for larger parameters
only. The following expressions tell us that this procedure approxi-

mates to the optimal test for a < : :

2
o

1 2 ZI—OL/Z

0 < za-c:‘(r) < . Iq(x)dx for r” > ————
mm(q(za),q(za/z)) rz-zl 3 1-
) (4.4)
z /r2
2 r? « 2 Za
0 < c;(r)-r By J q(x)dx for r” > -
q(zl_wz) o /2
APPENDIX I

Proof of (2.7), (2.9), (3.5), (3.10), (4.3) and (4.4):
) c;(zz)

The inequality (2.7) can be seen by partitioning of J- g(t—'yz)dt into:

d+ <
* - »*
Ut cz(vz) cz(wz) cz(vz)
(I + ‘[)g(t-wz)dt = (I + J)g(t-wz)dt. It is
-® ua+72 -0 —c; ( 72)
*
u c}2(72)
Ig(t-wz)dt = Ig(t-vz)dt = o , because of the equation (2.2).
- -
© 02(72)
* P - *
cz(?/z) c2(72) 7, cz(zrz)
Hence : J‘g(t-'a'z)dt = Jg(t)dt . A lower bound of J g(t-'(z)dt is
ua+72 - Ua+72

H * - . H * -
given by (cz(arz) (ua+72)) mm(g(ua),g(u(ha)/z)) because u, < cz(arz) 7,
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<u for y_ > 0. Otherwise we would obtain the contradiction:
(1+a)/2 2
*
02(72) Yy sz Yty sz
o = J g(t—a’z)dt > I glt)dt =z 2 - J g(t)dt = «a.
- - _D
02(72) Yy sz 2 L2 °

The inequality —c;(';z) < -(u“+a'2) leads to the result:

c;(vz) -c;(rz)-zz
(c;('fz)-(uawz))-min(g(ua),g(umm/z)) < J g(t-yz)dt = I g(t)dt <
ua+'3'2 -0

¥{(-2- 72+u1_a),

The analogous formula (2.9) for the problem D) can be obtained from
(2.7) by changing a into !-a. The same method works for the shifted t-
distribution (see (3.5) and (3.10)) as well as for the xz- and F-
distributions. We only demonstrate the first formula in (4.3). The
others can be shown in a very similar manner.

z c;(r)

[+ 4] 1-a ] w

jq(t)dt = ( I . J ) qt)dt = ( J . J ) qlt)dt

* * * *
cx(r) cl(r) 2 cl(r) cz(r)

. ()Y

Therefore, it follows that (21-a cl(r)) mm(q(zl_z_a),q(zl_a)) <

[+

J. q(t)dt , because 2 b = c‘;(r) < L < zm-r'2 < c;(r‘). This is
c;(r)

true as the contrary assumption c:(r) CZ ,a would lead to :

c*(r z
z( ) 1-x

« = I q(t)dt > J q(t)dt = « . In order to get an upper bound,

c*(r) z
1 1-2+a

where the value c;(r) does not appear, we see that :

* >
c’;(r) < co(r) < cz(r) for all r = 1,

APPENDIX II

Proof of (2.10) : We demonstrate the préperty for the usual choice of

a let 0 < a < é and d > 0. The test ¢;+n is ’'similar on the boundary’,
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therefore we get for y = 7, = 73+d :
* - * -
cila)-v, iy )-v,
@ = (I + I + ) glt~-d)dt and this is also true for
- *
) C2(7

- * -
3) 73 C4(73) 73

= i * - * - -
¥ (= The differences cl('a's) 7, and 02(73) 7, tend to -o as ¥, 0@
because c’;(ya), c;(za) < 0. The difference c‘;(ya)-yaconverges to a real

number, say u. Hence, lim c*(y )-7; =u, and u, u, is a solution to
Y. Sw
3
(2.10). This is ensured since :
i) c’;(o) > 0.
ii) There exists a number s, so that c;('gs) < 7, for 7,2 s

iii) The function 7,0 03(73)-73 has a lower bound.
. . - _
iv) The function 7,2 03(73) T, decreases.
i) follows from equation (2.3). If ii) is false we would obtain the

c;(wa)

0
contradiction : Ig(t-ya)dt = J-g(t)dt > é > o for (AL because
#* =D
cz(ara) 2'7,
* = o¥
02(73) 03(73).
ad iii) : The assumptions lim c;('y )-73 = -w would lead to :
)
3
«© o
lim c:(y )-73 =: u’ with J‘ g(t-d)dt = Ig(t)dt = o for d > 0, as the
73-)00 u’ u’

first identity holds also for ¥ = 7,
Proof of iv): The function ¥, > c;‘("ra)—a'3 cannot be increasing.
Otherwise c;‘('ara)-a'3 would be strictly positive, because of 1i). But this
contradicts ii).

The case 'd = O’ can be .obtained from the above one by letting d » O.

APPENDIX III

Proof of (3.6) : Let c('yz), 7, = 0 be any critical value, the power

function rpw(-c(éz) <T < c(?z)), o= (1,0%) € RxR+, with T = T(X) or
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T = T(X,Y) then can be obtained by Fubini’s theorem (’conditioning on
s'). This yields :

A A A
Plc@) < T<c@) = Ethw(—C(vz(s)) <T < c(?fz(s)) | o=s), where

72(5) is of the form (3.2), but ¢ replaced by s and 7 denotes the non-
centrality parameter. The estimation of the mean and standard deviation
is stochastically independent, hence T is distributed as N(w-g,(g)z).

So, the identity
P,(-c(3,(8) < T < cly (s))|d=5) = ¥C-cly,(s)-7)-¥(-2 cly (s)-7),

holds. It is w(s) =7 h, with u= SR .

2
k-s

o
xz— distribution with k degrees of freedom, hence u is nk(x)dJ\

follows a

distributed, where nk(x) stands for the following density :

V2n

_nk(x) - 2(k-2)/2 'r(k)

x*.g(x) , for x = 0O

kelN,
2

0, for x < O

where g denotes the normal density. This gives the identity below when

c(;yz) is replaced by CAH(72) :

=]
AH _ u Vi U YR
E,0nr,) = j [\P(Fk ¢, (& 72)-7)—W(-E o (%) 7)] 7, (w)dy
0

for the power function that shows a formal relationship to the distri-

bution function of the noncentral t :

u-t

[+:]
F, 0 = J'\y( -%) 7, (w)du.
[4]

k (11L.1)

There is Fk,O(t) = Fk(t) and Fk,z(O) =¥-y), t,7 €R .

We note for later purposes that the application of the substitution

z z
u = vX on J n‘((u)du shows the identity : J- nl((u)du = P(x? s z°) where
0 0

P(zzs t) denotes the distribution function of xz with k degrees of

freedom. If k is sufficiently large, we have
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z
j n(wdu = P> = 2 2w/ 2 -z -V 2k -1) (111.2)
0

APPENDIX 1V

Proof of (3.7) and (3.8} : Some lower and upper bounds for the true

level E;y ¢:H(72) can be established as follows : We set v, = 72(1:) with
2
T2 T, > 0 and use the partition :

o0
V¥

E. ™M) < JW(—‘J—-C (% .y )7 7w (udu =
7,E 2 ) /e 20
z(T) ©

u vk vk
(,{ ¥ I)W(—E‘(CAH(‘U—'72)_T'72)) m, (uidu .

z(T)

The application of (3.4) leads to

vk f vk <
AH(T.\_ v, )- — 7, < t w + R(-ﬁ—-wz(to)), for u = z(t), where R('a'z)

stands for the function on the right in (3.5), which decreases
monotonously in 72. Therefore, the integrant of the first term is
; u »u \/" .
dominated by ¥(— -t _ + — R(=--7 ()} and the second by 1. This
\/; k, 0 ﬁ 2 0
proves (3.7).

A lower bound can be given using the same partition :

2(T)
AH u vk vy
E¢(7)>J. [\P(—c(—v)y)\ll(————c(—-7)-7)}n(u)du
v, E "2 ) Vi MU v o Au Y2 %2 k
. vk '
From (3.4) it follows that AH( + %2 )- TR P tk’a and
V¥ \/" VK
AH(T 7, )= 7, < -tk,a -2 o '3’2(1') for 0 < u = z
Finally, we get the expression:
z{T)
AH u u
E ¢ (7)) > I [4’(—— 't )W(-— -t - 2:7 (7 ))] 7, (u)du =
3’2 E "2 o k,& Vi K, %, 2 0 k

0
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@ z(T)
u u
a - j \I’(-\/—E_‘- 'tk,a) nk(u)du - f \P(—?k tk,a- 2~72(1:0)) nk(u)du >
z{(T) 0
o]
u
x - J Y( 7“; tk,a) nk(u)du - Fk,z-zz(ro)(tk,a)
z(7T)
APPENDIX V

Some bounds for the critical values cGP(af) of the Gupta and Patel
procedure can easily be established with the help of (3.1),(IIL.1) and
(111.2).

1
3
any real number and d1 for a positive real number with d1 <1, d1 =

LEMMA : Let « < and define c(y) = do + dk-'r , where do stands for

then the unequality cGP('x) < cly) holds for sufficiently large para-

meter ¥ > O.

Proof : From (3.1) we learn that we have to demonstrate the unequation
c(7)

-[pkn,(t)dt = F, (cl)-F, (-cr) > « . There is -c(z) < 0 and
-c{7)

Fk 7(0) = ¥Y(-y). This leads to

Fk,ar(C(T))-Fk,y(_cW))>Fk,7(°(7))_\p(_7)‘ Fk,y(c(w)) can be treated

-] z o
with the help of formula (III.1) using the partition [ = [ + § with
[+] 4] z
= @ + ¢ for € > 0 and ¢ sufficiently small :
1
% ud d,
Fk (cl¥)) > j ( + (s —— - -y) 'nl((u)du >
¥ ’ Vi Ve
(<] " d
W(do+p'7)-J 'nl((u)du , because there is — = 1 and u- 2 1= p>0
v vk
2 -]
for u =z z. From (IIl.2) it follows : J‘nl((u)du =1 - P(xzs (‘/—E‘;—w)z) . We

k
Z
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have P(x2 = (’/%H:)z) E% , as the expected value for xz is k. Hence,
1

the final result is obtained :

"—g-»fe)z))—wt-z) > o, if

2 -<
Fk,v(c(v))—FkJ(-c(z)) > \If(do+p'3r)'(1-P(x s ( 1

¥ > 0 is sufficiently large. -

In order to prove the statement of the Patel and Gupta procedure we
define for every degree of freedom k 2 1 and T = T > 0 an upper bound

of the critical values as follows :

' N ) N 1 _
c(vz) = clt,k) = d°+ dk ¥, with, dk = —1—:1:7/—4. where f = n for the

one sample problem and k = n-1 or f = n-m/({n+m) and k = n+m-2 for the
two samples problem, respectively.

The above lemma tells us that there exists a number yg > 0 so that
R _ 0
°(72) dominates Ccp(zz) when 7, = 72(r,k) 27, From (IIl.1}) and the

above used partition with z = z(t,k) = \/E-zrz/ar:, we obtain the un-

(-]
N oP u R
equalities : szqﬁs (72) < :[ [\I’(Fk CGP(T 72) 72)] nk(u)du <
2z -]
J (\1’( UE -(do+ dk-‘l-g— -72)-72)) nk(u)du + J nk(u)du <
0 z
=+ (] x
J- [‘P( UE d - (l-dk)'arz)] 7, (u)du + .[ 7, (udu = Fu,g(do) + .[ 7, (u)du
0 z z

with € = (l-dk)'arz('r,k) .

Using the notation given in II.2), we have lim (1-d )-72 = o and
7. >®
2
lim Fu,E(r)(do) =1lim F ) =0.
TH0 k>0
«©

%, €00 %

There is lim J 'nk(u)du = O for every degree of freedom k. The integral
T

z(T)

also converges to zero with respect to k when T is kept fixed. This

follows from (IIL.2) :
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0

J ﬂk(u)du =1 - P(x2 = 22) 21 - WV 2'k-f-'r/'¢r(2J - 2+k-1). Finally,

z
. GP . GP _

we have : lim 57 (r)¢s (72(7:)) = lim Ea’ (k)¢s (yz(k)) = 0. The latter
o 2 k> 2

convergence is uniform on T 2 To >0, as 72(k,'c) increases monotonously

int. -
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