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NEEDLES AND STRAW IN HAYSTACKS: EMPIRICAL BAYES 
ESTIMATES OF POSSIBLY SPARSE SEQUENCES 

BY IAIN M. JOHNSTONE1 AND BERNARD W. SILVERMAN2 

Stanford University and Oxford University 

An empirical Bayes approach to the estimation of possibly sparse 
sequences observed in Gaussian white noise is set out and investigated. The 
prior considered is a mixture of an atom of probability at zero and a heavy- 
tailed density y, with the mixing weight chosen by marginal maximum 
likelihood, in the hope of adapting between sparse and dense sequences. 
If estimation is then carried out using the posterior median, this is a 
random thresholding procedure. Other thresholding rules employing the same 
threshold can also be used. Probability bounds on the threshold chosen by 
the marginal maximum likelihood approach lead to overall risk bounds over 
classes of signal sequences of length n, allowing for sparsity of various kinds 
and degrees. The signal classes considered are "nearly black" sequences 
where only a proportion r7 is allowed to be nonzero, and sequences with 
normalized fp norm bounded by r/, for r > 0 and 0 < p < 2. Estimation 
error is measured by mean qth power loss, for 0 < q < 2. For all the 
classes considered, and for all q in (0, 2], the method achieves the optimal 
estimation rate as n -> oo and tr -> 0 at various rates, and in this sense adapts 
automatically to the sparseness or otherwise of the underlying signal. In 
addition the risk is uniformly bounded over all signals. If the posterior mean 
is used as the estimator, the results still hold for q > 1. Simulations show 
excellent performance. For appropriately chosen functions y, the method 
is computationally tractable and software is available. The extension to 
a modified thresholding method relevant to the estimation of very sparse 
sequences is also considered. 

1. Introduction. 

1.1. Thresholding to find needles and straw. There are many statistical 

problems where the object of interest is a high-dimensional parameter on which 
we have a single observation, perhaps after averaging, and subject to noise. 
Specifically, suppose that X = (X1 ..., X,,) are observations satisfying 

(1) Xi = 1i + i, 

Received August 2002; revised August 2003. 

1Supported by NSF Grant DMS-00-72661 and NIH Grants CA 72028 and R01 EB001988-08. 

2Supported by the Engineering and Physical Sciences Research Council. 
AMS 2000 subject classifications. Primary 62C12; secondary 62G08, 62G05. 
Key words and phrases. Adaptivity, empirical Bayes, sequence estimation, sparsity, thresholding. 

1594 

This content downloaded from 128.173.127.127 on Wed, 04 Nov 2015 01:56:25 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


EMPIRICAL BAYES FOR SPARSE SEQUENCES 

where the Ei are N(0, 1) random variables, not too highly correlated. Let ,t be the 
vector of means ut = (it 1, tI2, ..., ,in). Clearly, without some knowledge of the gui 
we are not going to be able to estimate them very effectively, and in this paper we 
consider the advantage that may be taken of possible sparsity in the sequence. 

In what contexts do problems of this kind arise? Some examples are the 
following: 

* In astronomical and other image processing contexts, the Xi may be noisy 
observations of the pixels of an image, where it is known that a large number of 
the pixels may be zero. 

* In the model selection context, there may be many different models that 
conceivably contribute to the observed data, but it is of interest to select a subset 
of the possible models. In this case, the individual Xi are the raw estimates of 
the coefficients of the various models, renormalized to have variance 1. 

* In data mining, we may observe many different aspects of an individual or 
population, and we are only interested in the possibly small number that are 
"really there"; this is much the same as the model selection situation, but 
couched in different language. 

* In nonparametric function estimation using wavelets, the true wavelet coeffi- 
cients at each level form a possibly sparse sequence, and the discrete wavelet 
transform yields a sequence of raw coefficients, which are observations of these 
coefficients subject to error. Wavelet approaches in nonparametric regression 
take advantage of this structure in a natural way. This context originally moti- 
vated the work of this paper but the potential applicability of the ideas developed 
is much wider. 

A natural approach to all these problems is thresholding: if the absolute value 
of a particular Xi exceeds some threshold t, then it is taken to correspond to a 
nonzero Ati which is then estimated, most simply by Xi itself. If IXi < t, then the 
coefficient ,/ui is estimated to be zero. But how is t to be chosen? The importance 
of choosing t appropriately is illustrated by a simple example. Consider a sequence 
of 10,000 jui, of which m are nonzero and (10,000 - m) zero. The nonzero 
values are allocated at random and are each generated from a uniform distribution 
on (-5, 5). By varying the number m, sequences of different sparsities can be 
generated, as shown in Figure 1. In this figure the 10,000 ,ui are arranged in a 
100 x 100 pixel image. The absolute value of the image is plotted in gray scale in 
order to allow white to correspond to the value zero. Estimating a sparse signal is 
like finding needles in a haystack; it will be necessary to find which are the very 
few signal values that are nonzero, as well as to estimate them. On the other hand, 
estimating a dense signal is more like finding straw in a haystack; no longer will 
we be surprised if a particular ,ti is nonzero. 

Independent Gaussian noise of variance 1 is added to the Ai to yield a 
sequence Xi. The resulting images are shown in Figure 2. The average square 
estimation error yielded by thresholding Xi with varying thresholds is plotted 
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FIG. 1. Absolute value of parameter images of various sparsity. Out of 10,000 pixels, the number 

of nonzero parameters is, from left to right: 5, 20, 100 in the top row and 500, 2000, 10,000 in the 
bottom row. Each nonzero parameter is chosen independently from a uniform distribution on (-5, 5). 

in Figure 3. Ignore the points marked by arrows for the moment. The number 
in the top right of each panel is the value of m, so m = 5 corresponds to a 

very sparse model, while m = 10,000 corresponds to a very dense model, with 
no zero parameter values at all. The naive estimator, estimating each /i by the 

corresponding Xi without performing any thresholding at all, will produce an 

expected mean square error of 1. The scales in each panel are the same, and 
the threshold range is from 0 to /2 log 10,000 - 4.292, the so-called universal 
threshold for a sample of this size. 

Three things can be seen from this figure. First, the potential gain from 

thresholding is very large if the true parameter space is sparse. For the sparsest 
signals considered in Figures 1 and 3, the minimum average square error achieved 

by a thresholding estimate is 0.01 or even less; see Figure 4 for a graph of minimum 

average square error against sparsity. Second, the appropriate threshold increases 
as the signal becomes more sparse. For the fully dense signal, no thresholding at 
all is appropriate, while for the sparsest signals, the best results are obtained using 
the universal threshold. Finally, it is important for the threshold to be tuned to 
the sparsity of the signal; if a threshold appropriate for dense signals is used on a 

sparse signal, or vice versa, the results are disastrous. 
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5...~~~~~~~~~~~~~~~~~~~~~~:- 6 . ::::- - 

FIG. 2. Absolute values of data Xi, result of adding Gaussian white noise to the images depicted 
in Figure 1. 

Thus, thresholding is a very promising approach, but the crucial aspect is the 
choice of threshold. A good threshold choice method will have several properties, 
as follows: 

* It will be adaptive between sparse and dense signals, between finding "needles" 
and finding "straw." 

* It will be stable to small changes in the data. 
* It will be tractable to compute, with software available. 
* It will perform well on simulated data and on real data. 
* It will have good theoretical properties. 

In this paper we set out and investigate a fully automatic empirical Bayes 
thresholding method, which satisfies all these desiderata. In the example the 
method chooses the threshold values shown by the arrows in Figure 3. It can 
be seen that the empirical Bayes method is very good at tracking the minimum 
of the average square error. More details are given in Figure 4. The empirical 
Bayes thresholds are always close to the optimal thresholds, and-right across the 

range of sparsity considered-the average square error obtained by the empirical 
Bayes threshold is very close indeed to the best attainable average square error. 
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FIG. 3. Mean square error of thresholding data obtained from the images in Figure I by adding 
Gaussian white noise. In each panel the arrow indicates the threshold chosen by the empirical Bayes 
approach. The prior used for the nonzero part of the distribution was a Laplace distribution with 
scale parameter a = 1. Each plot is labeled by the number of nonzero pixels, out of 10,000, in the 
underlying signal. 
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A documented implementation EbayesThresh of our methodology in R and S- 
PLUS is available. See Johnstone and Silverman (2003) for details. 

1.2. Specifying the empirical Bayes method. In the present paper we concen- 
trate attention on the case where the errors Ei are independent. In some contexts 
this assumption is restrictive. While beyond the scope of the present paper, it is 
of obvious interest to extend our method and the supporting theory to dependent 
data, and this is a natural topic for future work. 

The notion that many or most of the ,i are near zero is captured by assuming 
that the elements /ui have independent prior distributions each given by the mixture 

(2) fprior((i) = (1 - w)S0(uO) + wy(). 

The nonzero part of the prior, y, is assumed to be a fixed unimodal symmetric 
density. In most previous work in the wavelet context mentioned above, the 

density y is a normal density, but we shall see that there are advantages in using a 
heavier-tailed prior, for example, a double exponential distribution or a distribution 
with tails that decay at polynomial rate. 

For any particular value of the weight w, consider the posterior distribution of /u 
given X = x under the assumption that X - N(,/, 1). Let ,(x; w) be the median 
of this distribution. For fixed w < 1, the function ,(x; w) will be a monotonic 
function of x with the thresholding property, in that there exists t (w) > 0 such that 

,u(x; w) = 0 if and only if Ixl < t(w). Figure 5 shows the prior distribution and 
the posterior median function /(x; w) for the Laplace mixture prior with a = 0.5 
and two different values of the weight w. 

Let g denote the convolution of the density y with the standard normal 

density 0. The marginal density of the observations Xi will then be 

(1 - w)(x) + wg(x). 

We define the marginal maximum likelihood estimator wi of w to be the maximizer 
of the marginal log likelihood 

n 

t(w) = Elog{(1 - w)0(Xi) + wg(Xi)} 
i=l 

subject to the constraint on w that the threshold satisfies t(w) < /2 log n. The 
threshold chosen by the method will then be the value t (w). 

The function f'(w) is a monotonic function of w, so its root is very easily 
found numerically, provided the function g is tractable; see Section 2.2. Our basic 

approach will then be to plug the value w back into the prior and then estimate the 

parameters ,Ui using this value of w, either using the posterior median itself, or by 
using some other thresholding rule with the same threshold t(w). In the example 
above simple hard thresholding was used. 
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Another possibility is to use the posterior mean, which we denote fi(x; w), 
so that the corresponding estimate is /ui = [i(Xi; w). The posterior mean 
rule fails to have the thresholding property, and, hence, produces estimates in 
which, essentially, all the coefficients are nonzero. Nevertheless, it has shrinkage 
properties that allow it to give good results in certain cases. We shall see that both 
in theory and in simulation studies, the performance of the posterior mean is good, 
but not quite as good as the posterior median. 

The empirical Bayes is a fully automatic practical method; intuitively, the reason 
it works well is as follows. If the means /ui are all near zero, then w will be 
small, corresponding to a large threshold t (wi), so that most of the means will be 
estimated to be zero. On the other hand, if the Ati are larger, then a small threshold 
will be chosen, and the data will not be shrunk so severely in the estimation of the 
vector of means. 

1.3. Measures of sparsity and minimax rates. The sparsity of a signal is not 

just a matter of the proportion of /i that are zero or very near zero, but also of 
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more subtle ways in which the energy of the signal ,t is distributed among the 
various components. Our theory will demonstrate that the empirical Bayes choice 
of estimated threshold yields a highly adaptive procedure, with excellent properties 
for a wide range of conditions on the underlying signal. 

A natural notion of sparsity is the possibility that ,/ is a nearly black signal, 
in the sense that the number of indices i for which /i is nonzero is bounded. We 
define 

n 

(3) t0[r]= :n-1 E I[i : 01] < T- 

With just the knowledge that ,/ falls in fo[rl, how well can /u be estimated? Define 
the minimax average square error by 

n 

Rn,2(0[/) = inf sup n-1 E E(li - i)2. 
i /keo(l[l i i=l 

Donoho, Johnstone, Hoch and Stern (1992) show that, considering q = r -> 0 as 
n -+ oo, R,,o is 2i(log q-')(1 + o(1)). 

A more subtle characterization of sparsity will not require any /ui to be exactly 
zero, but still constrain most of the energy to be concentrated on a few of the p/i, 
by placing bounds on the p-norm of /u for p > 0. There are various intuitive ways 
of understanding why II/Ullp = (( Iuti IP)I/p for small p is related to the sparsity 
of /u. Perhaps the simplest is to consider the energy (the sum of squares) of a 
vector with II,[ulp = 1 for some small p. If only one component of ,/ is nonzero, 
then the energy will be 1. If, on the other hand, all the components are equal, then 
the energy is n1-2/p which tends to zero as n -- oo if p < 2, rapidly if p is near 
zero. By extension of these examples, if p is small, the only way for a signal in 
an ep ball with small p to have large energy is for it to consist of a few large 
components, as opposed to many small components of roughly equal magnitude. 
Put another way, among all signals with a given energy, the sparse ones are those 
with small ?p norm. 

In this case we suppose the signal belongs to an ep norm ball of small radius r1, 

(4) ep[rl l= tn-1 tiIP < rP}, 

and define the minimax square error 

n 

Rn,2( 2[r1]) = inf sup n-1 E(^ti -.i)2. 
1 Ltcf0o[] i=1 

Again, considering ri -- 0 as n -- oo, Donoho and Johnstone (1994) show that, 
for p < 2, Rn,2(ep[q]) is qP(2logj-P)1-P/2(1 + o(1)). 

The estimator that attains the ideal performance over a nearly black class, or 
over an ep ball for some p > 0, will in general depend on p and on ,7. The minimax 
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rate is a benchmark for the estimation of signals that display the sparseness 
characteristic of membership of an fp class. Our main theorem will show that, 
under mild conditions, an empirical Bayes thresholding estimate will essentially 
achieve the minimax rate over ,7 simultaneously for all p in [0, 2], including the 
nearly black class as the case p = 0. In this sense it adapts automatically to the 
degree and character of sparsity of the signal in the optimum possible way. 

A particular minimax risk is the risk when there is no constraint at all on the 
underlying signal. In this case the minimax asymptotic risk is a constant 1, for 
example, achieved by the estimator that simply estimates /Li by Xi. We show that 
the maximum possible risk of the empirical Bayes thresholding method, under 
appropriate conditions, is also uniformly bounded, so the adaptivity is not bought 
at the price of asymptotically unbounded risk for signals of certain kinds. 

1.4. Robustness. While adaptivity of an estimator is obviously desirable, it is 
also important that the estimator should be robust to assumptions made. There are 
several aspects of such robustness that we demonstrate for the empirical Bayes 
threshold estimator. 

Assumptions on the signal: Although our procedure is derived from the sparse 
prior model (2), we derive results under the much weaker assumption that the 
underlying signal belongs to an appropriate fp ball. 

Assumptions on the noise: For example, in Section 5 we relax the assumption 
of Gaussian errors in order to investigate the relation between tails of the prior and 
tails of the noise density. While, in their present form, some other aspects of our 
subsequent discussion make use of Gaussian assumptions, the key properties of the 
posterior median thresholding rule hold under considerably weaker assumptions. 

Assumptions on the error measure: Rate-optimal risk bounds are established 
for mean qth power error measures for all q E (0, 2], not just for the standard mean 
square error. Excessive reliance on mean square error (q = 2) is often criticized, 
for example, as not corresponding to visual assessments of error. Choices of q < 2 
will give greater (relative) weight to small errors, and in some sense, the q -> 0 
limit corresponds to counting the number of errors I {pi & /ui }. 

Assumptions on the estimator itself: While the posterior median is the 

motivating estimator for our work, the exact form of the thresholding rule is not 
specified in our theoretical discussion. The key point is that the data dependent 
threshold is chosen according to the sparse empirical Bayes prescription. Indeed, 
the processing rule does not even have to be a strict thresholding rule. We obtain 
good results for the posterior mean, which is not a thresholding rule but still 
possesses an appropriate bounded shrinkage property; however, for full robustness 
to the choice of error measure, strict thresholding rules have to be used. 

1602 

This content downloaded from 128.173.127.127 on Wed, 04 Nov 2015 01:56:25 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


EMPIRICAL BAYES FOR SPARSE SEQUENCES 

1.5. Related work. Abramovich, Benjamini, Donoho and Johnstone (2000) 
show that the false discovery rate approach provides adaptive asymptotic mini- 
maxity at the level of exact constants, as well as the rates of convergence that we 
demonstrate for the empirical Bayes method. However, their results do not guaran- 
tee robustness for denser signals, and there is some evidence of this nonrobustness 
in the simulations we report in Section 3. 

In a more restrictive scenario than ours, and mainly concentrating on the 
application to wavelet smoothing, Zhang (2004) provides an asymptotically more 
sharply adaptive empirical Bayes analysis. This analysis uses much more general 
families of priors than our simple mixtures, and employs nonparametric infinite- 
order kernel methods to estimate the corresponding marginal densities. Such 
methods are complex to implement in software, and their sharp asymptotic 
properties might not be apparent in moderate samples. 

Mixture priors built from models such as (2) are quite common in Bayesian 
variable selection problems: our interest was stimulated in part by analysis of a 
proposal due to George and Foster (1998, 2000) which takes y to be Gaussian. 
For further references specifically in the wavelet setting, see the companion paper 
Johnstone and Silverman (2004). 

1.6. Outline of the paper. The paper now proceeds as follows. In Section 2 we 
set out some key definitions and state the main theorem of the paper. To show that 
the advantages of the estimate are not just theoretical, in Section 3 a simulation 
study is presented, comparing the empirical Bayes method with a range of other 
estimators, on cases covering both sparse and dense signals. In this study the 
theoretical adaptivity and robustness properties of the empirical Bayes method are 
clearly borne out. In very sparse cases the theory suggests that some asymptotic 
improvement may be possible for very sparse signals, and in Section 4, we set 
out a modification of our standard procedure, whereby the threshold is increased 
by a suitable factor when the signal is estimated to be very sparse. We state a 
result giving key properties of this procedure, and also present some discussion 
and numerical results that suggest that, except when the sample size is very large 
indeed, the modification may be of theoretical interest only. 

We then move to the proofs of the main results. In Section 5 various detailed 
preliminaries are considered, including the properties of the posterior rules under 
more general noise distributions than the Gaussian. We then go on, in Section 6, 
to consider risk bounds first for fixed thresholds, and then for data-dependent 
thresholds. These bounds depend on tail probabilities for the random thresholds. 
As a prerequisite to the control of these probabilities, Section 7 investigates 
properties of the moment behavior of the marginal likelihood score function. In 
Section 8 the proof of the main theorem is completed: the results of Section 7 yield 
tail probabilities of the prior parameters chosen by the empirical Bayes method, 
and, hence, of the corresponding random thresholds. These are fed into the bounds 
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of Section 6 to complete the proof. Section 9 then contains the modifications to the 
previous arguments needed to prove Theorem 2. 

The conditions in the main theorem for the posterior mean do not cover as wide 
a range of loss functions as for strict thresholding rules. In Section 10 it is shown 
that this is an essential feature of the use of such a rule; for values of q < 1 the 
posterior mean cannot yield an optimal estimate relative to qth power loss under 
the same broad conditions. 

2. Aspects of the sequence estimation problem. It is convenient to set 
up some notational conventions. Where Ar and Br are numerical quantities 
depending on a discrete or continuous index r, we write Ar x Br to denote 
0 < liminfr Ar/Br < limsupr Ar/Br < oo, and Ar - Br to denote Ar/B,. - 1. 
We use ? and 4, for the standard normal density and cumulative, respectively, and 
set 0 = 1 - D. When there is no confusion about the value of the prior weight w, it 
may be suppressed in our notation. Use c and C to denote generic strictly positive 
constants, not necessarily the same at each use, even within a single equation. We 
adopt the convention that c is an absolute constant, while the use of C will indicate 
a possible dependence on the prior density component y. 

2.1. Assumptions on the prior When using the mixture prior (2), we shall see 
that there are considerable advantages in using a heavy-tailed density for y, for 
example, the Laplace density 

(5) y(u) = exp(-lul) 

or the mixture density given by 

(6) (,u 1- = 0) - N(0, 0-1 - 1) with ? - Beta(a, 1). 

The latter density for ,u has tails that decay as /Z-2a-l, so that, in particular, if 
a = , then the tails will have the same weight as those of the Cauchy distribution. 
To be explicit, this has 

y(u)= /exp -- u 20(1 -0-) dO. 
J, ,87r(l.-) 2 

7 
J 

In both cases (5) and (6) the posterior distribution of /u given an observed X, and 
the marginal distribution of X, are tractable, so that the choice of w by marginal 
maximum likelihood, and the estimation of it by posterior mean or median, can be 
performed in practice, using the approach outlined in Section 2.2. Details of the 
relevant calculations for particular priors are given by Johnstone and Silverman 
(2004). 

Throughout the paper we will assume that the nonzero part of the prior, y, has 
a fixed unimodal symmetric density. In addition, we will assume that 

d 
(7) sup log y(u) = A < oc. 

u>0 du 

1604 

This content downloaded from 128.173.127.127 on Wed, 04 Nov 2015 01:56:25 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


EMPIRICAL BAYES FOR SPARSE SEQUENCES 

It follows from this assumption that, for u > 0, log y(u) > log y (0) - Au, so that, 
for all u, 

(8) y(u) >y(O)e- AI. 

Thus, the tails of y have to be exponential or heavier, and the Gaussian model for y 
is ruled out. We will also assume that the tails of y are no heavier than Cauchy, in 
the sense that u2y (u) is bounded over all u. Finally, we make the mild regularity 
assumption that, for some K E [1, 2], 

(9) y(y) - y(u)duyK-l as y -- oo. 

If y has asymptotically exponential tails, then K = 1. If y (y) y-2 for large y, 
then the tail probability is asymptotic to y-1 and K = 2. Any Pareto tail behavior 
gives the value K = 2. 

2.2. Finding the estimate. Define the score function S(w) = t'(w), and define 

g (x) _ (x) 
(10) 6(x)= I and ,B(x,w)= ( 

?(x) 1 + w(x)' 

so that 

/^ c V g(xi)-0W) OM 
(11) S(w) = ( - ((X) g(Xi) (i, w). 

ti1 

g 

- w)0(Xi)+ w (X/) i, 

Since by elementary calculus /3(x, w) is a decreasing function of w for each x, 
the function S(w) is also decreasing. Let w, be the weight that satisfies t(w,,) = 
/2 log n. If S(w,n) > 0 and S(1) < 0, then the zero of S in the range [w,, 1] is the 

estimated weight Aw. Furthermore, the sign of S(w) for any particular w specifies 
on which side of w the estimate w lies. [Note that S will be strictly decreasing 
except in the pathological case where /3(Xi) = 0 for all i, when S(w) = 0 for all w 
and the likelihood is constant.] 

The marginal maximum likelihood approach can be used to estimate other 
parameters of the prior. In particular, if a scale parameter a is incorporated 
by considering a prior density (1 - w)So(AL) + way(alu), define ga to be the 
convolution of ay(a.) with the normal density. Then both a and w can be 
estimated by finding the maximum over both parameters of 

n 

?(w, a) = log{(1 - w)0(Xi) + wga(Xi)}. 
i=l 

If y is the Laplace density, the tractability of the procedure is not affected by the 
inclusion of a scale parameter into the prior. In this case if one is maximizing over 
both w and a, then a package numerical maximization routine that uses gradients 
has been found to be an acceptably efficient way of maximizing t(w, a). 

1605 

This content downloaded from 128.173.127.127 on Wed, 04 Nov 2015 01:56:25 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


I. M. JOHNSTONE AND B. W. SILVERMAN 

In the current paper we will not develop theory for the case where additional 
parameters of y are estimated, but we will include the possibility of estimating a 
scale parameter in the simulation study reported in Section 3. 

The R/S-PLUS software package EbayesThresh [Johnstone and Silverman 
(2003)] includes a routine that performs empirical Bayes thresholding on a vector 
of data. It allows the use of either the Laplace or the quasi-Cauchy prior, and 
in the case of the Laplace prior, the scale parameter can if desired be chosen by 
marginal maximum likelihood. Estimation may be carried out using the posterior 
median or posterior mean rule, or by hard or soft thresholding. In addition, there 
are several routines that will allow users to develop other aspects of the general 
approach. 

2.3. Shrinkage rules. We begin with some definitions, leading up to the 
statement of the main theorem of the paper. A function S(x, t) will be called a 
shrinkage rule if and only if S(., t) is antisymmetric and increasing on (-oo, oo) 
for each t > 0, and 

(12) 0 < (x, t) < x for all x > 0. 

The shrinkage rule 8(x, t) will be a thresholding rule with threshold t if and only 
if 

(13) (x, t) =0 if and only if Ixl <t, 

and will have the bounded shrinkage property relative to the threshold t if, for 
some constant b, 

(14) Ix - (x, t)l < t + b for all x and t. 

For any given weight w, the posterior median will be a thresholding rule and 
will have the bounded shrinkage property if I (log y)' is bounded; see Lemma 2(v). 
In Section 5.5 it is demonstrated that the posterior mean for the same weight will 
have the same bounded shrinkage property, but will not be a strict thresholding 
rule. If the hyperparameter w is chosen by marginal maximum likelihood, both are 
examples of rules with random threshold t = t (i). 

2.4. Risk measures and the main result. As already mentioned, we do not 
restrict attention to losses based on squared errors, but we measure risk by the 
average expected qth power loss 

n 

(15) Rq(i, A) - n-1 El- i, 0 < q < 2. 
i=l 

Note that the posterior median and mean estimators for prior (2) are Bayes rules 
for the q = 1 and q = 2 error measures, respectively. 
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We set two goals for estimation using the empirical Bayes threshold: "uniform 
boundedness of risk" and "flexible adaptation." To explain what we mean by 
flexible adaptation, suppose that the signal is sparse in the sense of belonging to 
an ep norm ball ep [r] as defined in (4). As before, we include nearly black classes 
as the case p = 0. If the radius r is small, we would hope that the estimation error 

Rq (L, pt) should be appropriately small. How small is benchmarked in terms of 
the minimax risk 

Rn,q(p[r])= inf sup Rq(l4, t). 
At CZEEp []71 

Suppose r = r- 0 as n - oo but that, in the case q > p > 0, 

(16) n-l/P-l( (log l-P)/2 - O, 

which prevents r7 from becoming very small too quickly. (For p = 0 we require 
nr -- oo.) Then we have the asymptotic relation 

(17) Rn,q(ep[rtn]) - rp,q(ln) as n -> oo, 

where 

qq, 00<q<p, 

(18) rp,q()= P(21og -P)(q-)/2 0 < p < q 

r(2 og -1)q/2 p = O, q > 0. 

The relation (17) is proved by Donoho and Johnstone (1994) for the case p > 0 
and q > 1, but only minor modifications are needed to extend the result to all the 
cases we consider. 

We can now state our main result, which gives comparable bounds on the risk 
function of the empirical Bayes thresholding procedure. Apart from an error of 
order n-l(logn)2+(q-P)/2, the procedure uniformly attains the same error rate as 
the minimax estimator for all p in [0, 2] and q in (0, 2]. 

THEOREM 1. Suppose that X - Nn(ut, I), that 8(x, t) is a thresholding rule 
with the bounded shrinkage property and that 0 < p < 2 and 0 < q < 2. Let w be 
the weight chosen by marginal maximum likelihoodfor a mixture prior (2) with y 
satisfying the assumptions set out in Section 2.1. Let t = t (w), where t (w) denotes 
the threshold of the posterior median rule corresponding to the prior weight w. 
Then the estimator 4i(x) = S (xi, t(w^)) satisfies: 

(a) (Uniformly bounded risk) There exists a constant Co(q, y) such that 

sup Rq (t, it) < Co. 
ItC 
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(b) (Adaptivity) There exist constants Ci (p, q, y) such that for ri < ro (p, q, y) 
and n > no(p, q, y), 

(19) sup Rq(t, It) < Cirp,q(r) + C2n-l(logn)2+(q-)/2. 
/ZEep [r] 

When q E (1, 2], these results also holdfor the posterior mean estimate g. 

We emphasize that it is not necessary that (x, t) be derived from the posterior 
median or mean rule. It might be hard or soft thresholding or some other 

nonlinearity with the stated properties. The point of the theorem is that empirical 
Bayes estimation of the threshold parameter suffices with all such methods to 
achieve both adaptivity and uniformly bounded risk. 

If q > p > 0, then we necessarily have p < 2, and the first term of (19) 
dominates if r1P > n-l log2 n and the second if yP < n- log2 n. It follows that 
the result is equivalent to 

^(20) sup Rq(4,,)? fCrpq(i), if > n-1 log2 n, (20) sup Rq (A, It) < 
I 2' ,-p ' 2 

IEep[r/l Cn- (logn)2+(q- )/2, if np < n-1 log2 n. 

Note that rP > n-l log2 n is a sufficient condition for (16). For the nearly black 
case p = 0, a similar argument leads to (20) with 11P replaced by rj. 

If p > q, the bound can be written as 

(21) sup Rq (, t) < Cmax {rq, n-l(logn)2+(q-P)/2} 

and the "break-even" point between the two bounds occurs at a value of r 
bounded above by r/P = n-l log2 n. It remains the case that for r/P > n-l log2n 
the supremum of the risk is bounded by a multiple of rp,q (rj). Therefore, for every 
p and q in (0, 2], and for the nearly black case p = 0, our estimator attains the 

optimal q-norm risk (18), up to a constant multiplier, for all sufficiently large n and 
for r] satisfying n-1 log2 n < rip < rp if p > 0 and n-1 log2 n < r < ro if p = 0. 

3. Some simulation results. In order to investigate the capability of the 

empirical Bayes method to adapt to the degree of sparsity in the true signal, 
a simulation study was carried out. We approach the issue of sparsity directly, 
by explicitly constructing sequences with a wide range of sparse behavior. The 
S-PLUS code used to carry out the simulations is available from the authors' 
web sites, enabling the reader both to verify the results and to conduct further 

experiments if desired. 
As an initial range of models for sparse behavior, we fixed the sample size n 

to 1000. We considered the estimation of a sequence /z which has Iti = 0 except 
in K randomly chosen positions, where it takes a specified value /zo. For each i, 
a data value Xi - N (ui, 1) is generated, and various methods are used to estimate 
the sequence / from the sequence of Xi. 
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The parameter K controls the sparsity of the signal, and the values for which 
results are reported are 5, 50 and 500-ranging from a very sparse signal, indeed, 
to one in which half the data contain nonzero signal. The other parameter ,/o gives 
the strength of the signal if it is nonzero. The values reported were 3, 4, 5 and 7, 
bearing in mind that the noise is N(0, 1). One hundred replications were carried 
out for each of the values of K and [o, with the same 100,000 noise variables used 
for each set of replications. 

The posterior median estimator was used, with the prior parameters chosen by 
marginal maximum likelihood for two different functions y for the nonzero part 
of the prior. The double exponential y(u) = ?aexp(-a ul) was used with both 
the parameter a and the prior weight w chosen by marginal maximum likelihood. 
For comparison, the heavy-tailed mixture density with Cauchy tails, as defined 
in (6) with a = ?, was also considered. For both choices of the function y, the 
performance of the posterior median as a point estimator was studied. For double 
exponential y with both parameters estimated, two other estimators were also 
considered, the posterior mean, and hard thresholding with threshold equal to 
that of the posterior median function. In addition, the effect of fixing the scale 
parameter in the double exponential was investigated by considering four different 
values of a; in each case w was chosen by marginal maximum likelihood and the 
posterior median estimator used. 

These methods were compared with classical soft and hard universal threshold- 
ing (using the threshold /2 log n I 3.716) and with three other methods intended 
to be adaptive to different levels of sparsity. 

The SURE method [Donoho and Johnstone (1995)] aims to minimize the mean 
squared error of reconstruction, by minimizing Stein's unbiased risk estimate 
for the mean squared error of soft thresholding. Thus, we choose tSURE as the 
minimizer (within the range [0, /2 log n ]) of 

n n 

U(t) = n + xk A t2- 2 I{xk < t2}. 
1 1 

This is based on the unbiased risk estimator of Stein (1981) in the estimation of 
a multivariate normal mean. In addition, a modification proposed by Donoho and 
Johnstone (1995) aimed at gaining greater adaptivity is considered; this chooses 
between the SURE and universal thresholds according to the result of a test for 
sparsity; see also Section 6.4.2 of Bruce and Gao (1996) for details. 

The false discovery rate (FDR) approach is derived from the principle of 
controlling the false discovery rate in simultaneous hypothesis testing [Benjamini 
and Hochberg (1995)] and has been studied in detail in the estimation setting, for 
example, by Abramovich, Benjamini, Donoho and Johnstone (2000). Order the 
data by decreasing magnitudes: 
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and compare to a quantile boundary: 

tk = az(q/2 k/n), 

where the false discovery rate parameter q E (0, 1/2]. Define a crossing index 

kF =max{k: Ixl(k) > tk} 

and use this to set the threshold t^F = tk. Various values for the rate parameter q 
were used. 

Block thresholding methods are designed to make use of neighboring informa- 
tion in setting the threshold applied to each individual data point. We considered 
the BlockThresh method of Cai (2002) and the hard thresholding versions of the 
NeighBlock and NeighCoeff methods of Cai and Silverman (2001). The principle 
of all these methods is to consider the data in blocks. BlockThresh thresholds all 
the data in each block by reference to the sum of squares of the data in the block. 
The other two methods use overlapping blocks and keep or zero the data in the 
middle of each block according to the sum of squares over the whole block. See 
the original papers for more details. 

For each method considered, for each replication the total squared error of the 
estimation 7(4i - ti)2 was recorded, and the average over 100 replications is 
reported. The square error of every replication is available from the authors' web 
sites for any reader who wishes to examine the results in more detail. 

Some results are given in Table 1 and the following conclusions can be drawn: 

* The Cauchy method is always nearly, but not quite, as good as the exponential 
method. Our theory is not sensitive enough to discriminate between the two 
methods. 

* In general, the posterior mean does not perform quite as well as the posterior 
median. 

* It is better to use the posterior median function itself rather than hard 
thresholding with the resulting threshold. 

* In the case ,uo = 7 where the nonzero signal is very clearly different from zero, 
hard thresholding with the universal threshold performs somewhat better than 
the exponential method, but in other cases, particularly with moderate or large 
amounts of moderate sized signal, it can give disastrous results. 

* Estimating the scale parameter a is probably preferable to using a fixed value, 
though it does lead to slower computations. In general, the automatic choice is 
quite good at tracking the best fixed choice, especially for a sparse and weak 
signal. 

* SURE is a competitor when the signal size is small (/,o = 3), but performs 
poorly when ,/o is larger, particularly in the sparser cases. The attempt to make 
SURE more adaptive is counterproductive. 

* If q is chosen appropriately, FDR can outperform exponential in some cases, but 
the choice of q is crucial and varies from case to case. With the wrong choice 
of q, the performance of FDR can be poor. 
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TABLE 1 

Average of total squared error of estimation of various methods on a mixed signal of length 1000. 
A given number of the original signal values is set equal to a nonzero value, and the remainder are 
zero. In each column those entries that outperform the MML/exponential/posterior median method 

are underlined. Those that outperform by more than about 10% are set in bold type. The row 
marked "postmean" refers to the posterior mean using the double exponential model. The 

row "exphard" refers to hard thresholding using the threshold given by the posterior median 
of the marginal maximum likelihood choice within the double exponential model. The rows for 

fixed values of a correspond to the posterior median where only the weight w is chosen 
by MML and the scale parameter a is fixed at the given value 

Number nonzero 5 50 500 

Value nonzero 3 4 5 7 3 4 5 7 3 4 5 7 

Exponential 36 32 17 8 214 156 101 73 857 873 783 658 

Cauchy 37 36 18 8 271 176 103 77 922 898 829 743 
Postmean 34 32 21 11 201 169 122 85 860 888 826 708 

Exphard 51 43 22 11 273 189 130 91 998 998 983 817 

a = 36 32 19 15 213 166 142 135 994 1099 1126 1130 
a =0.5 37 34 17 10 244 158 105 92 845 878 884 884 
a =0.2 38 37 18 7 299 188 95 69 1061 730 665 656 
a =0.1 38 37 18 6 339 227 102 60 1496 798 609 579 

SURE 38 42 42 43 202 209 210 210 829 835 835 835 

Adapt 42 63 73 76 417 620 210 210 829 835 835 835 

FDRq =0.01 43 51 26 5 392 299 125 55 2568 1332 656 524 

FDRq =0.1 40 35 19 13 280 175 113 102 1149 744 651 644 

FDRq = 0.4 58 58 53 52 298 265 256 254 919 866 860 860 

BlockThresh 46 72 72 31 444 635 600 293 1918 1276 1065 983 

NeighBlock 47 64 51 26 427 543 439 227 1870 1384 1148 972 

NeighCoeff 55 51 38 32 375 343 219 156 1890 1410 1032 870 

Universal soft 42 63 73 76 417 620 720 746 4156 6168 7157 7413 
Universal hard 39 37 18 7 370 340 163 52 3672 3355 1578 505 

* The block thresholding methods do not perform very well. In the companion 
paper [Johnstone and Silverman (2004)] block thresholding methods are also 
compared with empirical Bayes methods for the thresholding of wavelet 
coefficients, and the difference in performance is not so great. This is 
presumably because there is some correlation among the positions in which the 
wavelet coefficients are effectively nonzero. By contrast, in the test signals under 
current consideration, the nonzero positions are chosen by uniform random 
sampling without replacement. 

1611 

This content downloaded from 128.173.127.127 on Wed, 04 Nov 2015 01:56:25 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


I. M. JOHNSTONE AND B. W. SILVERMAN 

* The median standard error of the entries of the table with 5 nonzero coefficients 
is around 1, with corresponding figures of about 3 for those with 50 nonzero 
coefficients, and 5 for the entries with 500 nonzero coefficients. Generally 
speaking, the standard errors tend to be smaller for the empirical Bayes methods 
than for the other methods considered; the false discovery rate and block 
thresholding methods have errors that have variance two to three times as large 
as the double exponential MML posterior median method, and for the universal 
thresholding methods the variance is higher by a factor of about 5. This is an 
indication of the stability of the empirical Bayes methods. 

* Not surprisingly, given that the same data are used for all cases, the standard 
error of the comparison between the first method and the other methods in 
the table is typically smaller than that for individual entries taken alone. 
The comparison standard error has a median value of 0.8 for the sparsest 
signals and about 2 for the signals with 50 and 500 nonzero elements. In 
general, comparisons between empirical Bayes methods have somewhat smaller 
standard errors than those involving other approaches. Only about 10% of the 
comparisons between the top line and other entries in the table are within 3 
standard errors of zero, and all the comparisons that are numerically more than 
trivial are clearly statistically significant on the basis of the study we have 
carried out. 

The two SURE methods, the FDR method with q = 0.01 or q = 0.4, and the 
two universal thresholding methods all have the property that there is a case in 
which their measured error is around three or more times that of the exponential 
method, while never, or hardly ever offering any substantial improvement. Hence, 
all are much worse at adapting to different patterns of sparsity. The FDR method 
with q = 0.1 is a better competitor, but only wins in four of the twelve cases. The 
best improvement over exponential is 651/783, a 17% improvement, while the 
best improvement of the exponential over the FDR method is 73/102, nearly 30%. 
Taking both adaptivity and overall performance into account, the exponential is 
clearly the estimator of choice. 

In order to quantify the comparison between the various methods, for each of 
the models considered define the inefficiency of a method A for a particular model 
B to be 

100 average error for method A applied to data from model B 
100X - 1 x 

minimum error for any method for model B 

Twelve different models are considered in Table 1, and summary statistics for 
the twelve inefficiency values for the various methods are given in Table 2. The 
posterior median of the exponential model with estimated scale parameter is 
the best on nearly every measure: the maximum inefficiency of the Cauchy and 
exponential (a = 0.2) methods is slightly smaller, but both of these methods are 
decisively beaten on the median inefficiency and are also equaled or beaten on the 
other two measures. 
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TABLE 2 

Comparison of methods: for each method the stated 
median, mean, maximum and tenth largest 

inefficiency is over the twelve cases 
considered in Table 1 

median mean 10th max 

Exponential 7 17 30 52 

Cauchy 19 25 42 47 
Postmean 22 27 40 95 
Exphard 37 46 62 93 

a = 1 35 57 124 165 
a = 0.5 15 29 75 84 
a = 0.2 18 19 30 48 
a = 0.1 14 24 45 80 

SURE 35 121 151 676 
Adapt 103 223 303 1282 

FDR q = 0.01 44 56 91 210 
FDR q =0.1 18 35 39 139 
FDRq = 0.4 71 169 214 847 

BlockThresh 129 228 456 531 
NeighBlock 119 181 335 376 
NeighCoeff 106 136 131 486 

Universal soft 529 643 1282 1367 
Universal hard 50 100 159 359 

4. Modifying the threshold for very sparse signal. In this section we 
discuss a possible modification of the estimator, which allows a reduction in 
error in very sparse cases, when the overwhelming majority of components have 

essentially zero signal. Our original motivation for this arises from the use of 
wavelet methods to estimate derivatives, where it was shown by Abramovich and 
Silverman (1998) that the appropriate universal threshold is not /2 log n, but is a 

multiple of this quantity. The basic notion of the modified estimator is this: if the 
threshold t = t (w) estimated by the marginal maximum likelihood method is at or 
near the universal threshold, we replace it by a higher threshold. 

4.1. Definition of the modified estimator and theoretical discussion. To 
be precise, set 2 = 2logn - 5loglogn. Let A > 0 be fixed and put tA = 
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V/2(1 + A) logn. Then define 

A t, if t t, 
tA = ' 

tA, if t > tn 

With this modification of the threshold, we can reduce the order of magnitude 
of the part of the error in Theorem 1, as follows. 

THEOREM 2. Under the assumptions of Theorem 1, let IA be defined by 
AA,i(X) = S (xi, tA). Define S pq(1r) = sup,,ep[ll Rq (LA,i, gt). Then, for suitable 
constants C, 

(22) ep<q(r7) < C for all r 

and, for all sufficiently large n and for suitable r1o, 

(23) RApq(7) < Cmax{rp,q(r/),n 1-A(logn)(q-1)/2} forY < 10. 

For q > p > 0 we also have,for sufficiently large n, 

pA q(1) < Cmax {n(q-P)/Pq, n-1-A(logn)(q-1)/2} 
(24) 

for r/P < n- (logn)P/2. 

The ramifications of this theorem in the wavelet context are explored by 
Johnstone and Silverman (2004), but it has independent interest in exposing the 
different regimes for adaptive estimation, especially in the case q > p. Note first 
that conclusion (22) is the same as for the unmodified estimator, and in the range 
r nP > n-1 log2 n for p > 0 (r > n-1 log2n for p = 0) so is (23), because in that 

range the dominating term in the error is rp,q (r) for both estimators. 
For q > p > 0, define irp = n-l(logn)P/2. For r/ > r11, rp,q(r/) is bounded 

by a multiple of n(q-P)/P1q and so (24), in fact, holds for all r1 < ro, but only 
gives a stronger result than (23) if r < rl. This is not in contradiction with the 
result (17) of Donoho and Johnstone (1994) because the condition (16) can be 
rewritten precisely as 

rp,q (r) = o(n(q-P)/Prq), 

or equivalently, r1/r11 --> o. 
The three bounds in Theorem 2 may be considered as corresponding to three 

different zones of estimation. If r7 > r1o, then the signal is insufficiently sparse for 
any order of magnitude advantage to be gained by the use of our thresholding 
method. In the zone r1 < r1 < ro0, a suitable thresholding method allows for 
considerable improvement over the use of a "classical" estimator. Finally, in the 
extremely sparse zone 1 < r71, the 1-dependent part of the error achieved by our 
estimator compares to that given by the estimator that simply returns the value 
zero. 
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Note finally that for the standard estimator all the a-dependent risks in the 
zone r/P < n-1 log2n (for p > 0) are dominated by the term n-1(logn)2+(q-P)/2 
in the error bound. Since n-1 log2n > ijp, the zone where n-l(logn)2+(q-p)/ 2 
dominates includes the very sparse zone, and so there is no point in pursuing 
the kind of adaptivity within the very sparse zone achieved asymptotically by the 
modified estimator. 

4.2. Practicalities. Both theory and intuition suggest that the modified esti- 
mator may only be advantageous for very large values of n, where 5 log log n is 
small relative to 2 log n. Otherwise, data that ought to be thresholded with moder- 
ate thresholds will essentially be zeroed instead. For example, for n = 106, we have 
5 log log n = 13.13 and 2 log n = 27.63. Hence, if the squared estimated threshold 
in the standard estimator is any more than about half the universal threshold, the 
modification will use a much larger threshold, thereby causing problems for sig- 
nals that are nowhere near the very sparse zone. 

A version of the modified estimator was investigated by simulation on the same 
models as considered in Table 1. The Laplace prior with both parameters estimated 
by marginal maximum likelihood was used. If the estimated threshold was less 
than 95% of the universal threshold, the posterior median estimate was used. 
Otherwise, we used hard thresholding with threshold 2v/log 1000, corresponding 
to A = 1. 

The only models for which the estimates were affected were those with only 5 
nonzero entries. In each case the average squared error was increased by the use of 
the modified estimator, respectively to 41, 40, 26 and 13, as compared to 36, 32, 17 
and 8, for the cases where the nonzero parameter value was 3, 4, 5 and 7. Reducing 
the number of nonzero parameters to 1 did not change the relative performance 
of the unmodified and modified methods, unless the nonzero parameter value 
was also increased. The only case tested where the modified method improved 
the performance was where there was a single nonzero parameter value with 
value 10. In this case the unmodified estimator has an average squared error (over 
100 simulations) of about 2.4, while the modified estimator has a mean squared 
error of just over 1. As might be expected, the modified estimator is only clearly 
advantageous in very sparse cases where nonzero values of the parameters are 
well above the universal threshold-and in these cases the error of the unmodified 
method is already very small, so any improvement may be large in relative terms 
but small in absolute terms. 

5. Proofs of results: some detailed preliminaries. The remainder of the 
paper is devoted to the proofs of the theorems stated above. We begin in this 
section with a detailed discussion of a number of topics that will be useful later 
in the proof. In some cases these also cast a broader light on the empirical Bayes 
thresholding procedure. Our proofs cover the cases of nearly black and strong ip 
constraints on the underlying parameter vector /t. We conjecture that similar 
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arguments can be used for weak Lp constraints too, but the full details are left 
for future investigation. 

5.1. Properties and definitions for the mixture model. The arguments of this 
section and the next do not strongly depend on the precise assumption of Gaussian 
errors in model (1). Indeed, relaxing this assumption sheds some light on the 
robustness of our results to model formulation; see Remark 1. 

For the moment then, we assume that in model (1) the noise coefficients Ei 
are i.i.d. from a symmetric Polya frequency PF3 density qp. Polya frequency 
functions are discussed in detail by Karlin (1968), and from a statistical perspective 
by Brown, Johnstone and MacGibbon (1981). The defining property of a PF3 
function sp is that for Yi < Y2 < Y3 and zi < Z2 < Z3, 

(25) det [qo(y - zj)] > 0. 
I<i,j<3 

Examples of such densities include the Gaussian density 0 (observe the distinction 
of notation), as well as the somewhat heavier tailed Laplace density le-lXl and 

logistic density e-X/(1 + e-X)2. The PF3 assumption implies that yp is log- 
concave, and hence there exists p > 0 such that 

(26) po(y)ePY is decreasing for sufficiently large y. 

Thus, the tails of qp cannot be heavier than exponential. 
For this section only, we also modify assumption (7) on the prior to require only 

that y (u) > 0 for all u and the existence of positive A and M such that 

d 
(27) sup logy(u) < A < p. 

u>M du 

[In the Gaussian error case, (p = 0, this places no essential constraint on A, because 
we can choose p to be arbitrarily large.] Assumptions (26) and (27) taken together 
imply that the tails of the prior y are heavier than those of the noise density. 

The first part of the following lemma shows that the convolution y * qo inherits 

properties assumed of y. 

LEMMA 1. Assume (26) and (27), and let g = y * (. Then 

(28) g(x) y(x), 

(29) (1 + u2)g(u) is boundedfor all u, 

(30) g(y) / g()du y y1-l 
fy 

(31) limsup l(logg)'(u)l < A 
u -- 00 

and g/(p is strictly increasingfrom (g/(p)(O) < 1 to +oo as x -> oo. 
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PROOF. It follows from (27) that eAYy (y) is an increasing function of y for 

y > M, and since y is unimodal, that for all x and y in [0, M], 

eAx y(x) <Ceyy(y) 

for some C > 1. Combining these two observations implies that, given any x > 0 
and u > 0, 

(32) y(x + u) > C-e-Auy(x) and y(x-u) CeAUy(x). 

It follows that g(x) y (x), since 

g(x)> j (u)y (x + u)du > C-1 y(x) e- Au(u)du 

and 

g(x) = (u){y(x + u) + y(x - u)}du < Cy(x) (1 + eAu(u)du, 

and the right-hand integrals are finite from (26) because A < p. Properties 
(29) and (30) follow immediately from (28) and the assumptions on y. 

For (31), setting Ao = sup I(log y)'l, we have Iy'(u)l < Ay(u) for u > M and 
Iy'(u)l < Aooy(u) for u < M. Therefore, 

I(logg)'(x) = Ig'(x) /g(x)= qp(x- u)y'(u)du /g(x) 

<A f q(x - u)y(u) du/g(x) + Ao J (x - u)y(u) du/g(x) 

< A + Aop(x), 

where from (32) 
/O 

p(x) = y (x - v)qp(v) dv/g(x) 
Jx-M 

< 

C[y(x)/g(x)] eAvo(v) dv - O as x -- oo. 
x-M 

To demonstrate that g(x)/(p(x) is increasing on [0, oo), let ru (x) = [p0(x + u) + 
o (x - u)]/po(x). Using the symmetry of y, we have the representation 

gs(x) or? (33) )= ru(x)y(u)du, 
9p(x) o 

and so it will suffice to show that, for each u > 0, ru (x) is an increasing function 
of x on [0, oo). Suppose that x2 > xl > 0 and consider the defining inequality (25), 
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with {yi} = { -xl, xl, X2} and {ziI = {-u, 0, u}. Subtracting the second row in the 
determinant from the first and exploiting symmetry of 0 gives 

1 0 -1 
0 iI(p(-xI + u) -q(xi + u)] qi4x1 + u) q(xi) q(xl -u) 

4O(X2 + U) (p(X2) (X2 - U) 

= q(xI)q(x2)ky(-xl ? u) - yp(x + u)][ru(X2) - ru(xl)]. 

Since qp > 0 and q4(xj + u) <q (-xj + u), this implies that ru(x2) > ru(xl), as 

required. 
Finally, to show that g(x) /(x) -- oc as x -+ oc, we have, for any x > 1, using 

the result (8), 

g(x)> f y(x - v)(v) dv > y ( /x) (v)dv > Ce-Aixi 

Posterior odds. Write Odds(AIB) for P(AIB)I[l - P(AIB)]. Given w, 
define Th(x, w) to be the posterior weight P(,t : 0 1X = x), so that the posterior 
odds Odds(-t = Olx) are given by 

Q2(x) = Q(x, w) = (x, w) _ w 
(x 

I - z(x, w) 1 - wq~O 

Define wo = (q/lg)(0)/[l + (4p/g)(0)], so that Q?(O, wo) = 1. For fixed w, 
Lemma 1 shows that Q (x) increases from 1 to oo, so that if w < wo, then there 
exists r(w) > 0 for which ?2 (r(w), w) = 1. If we define -r(w) = 0 for w > wo, it 
follows that w -- T(w) is a continuous decreasing function of w c ro, 1]. We will 

repeatedly use the function T in our subsequent argument. 
A simple consequence of these definitions is that for wi < wo, 

w I - w 1 
(34) Q2(t(wi), w) = > 1, if w > wI. 1 -w WI 

Finally, for x > T, we clearly have 

(35) Q (x) = Q (r) expf {(logg)' - (logp)'} 

5.2. Properties of the posterior median. 

LEMMA 2. Assume (26) and (27). The posterior median [ (x; w) is 

(i) monotone in x: if xi <X2, then 4(Xi) < ^ 
(XD, 

(ii) antisymmetric: 4(-x) --(x), 
(iii) a shrinkage rule: 0 < 4(x) < x for x > 0, 
(iv) a threshold rule: there exists t(w) > 0 such that 4(x) = 0 if and only if 

Ixi <t(w), 
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(v) bounded shrinkage: there exists a constant b such thatfor all w, x, 

Il{(x; w) - xl < t(w) + b. 

REMARK 1. The lemma demonstrates that the posterior median has all the 
properties needed for the estimation error bounds that will be derived for Gaussian 
errors in the subsequent sections. The bounded shrinkage property essentially 
means that rare large observations are more or less reliably assigned to a sparse 
signal rather than noise in our Bayesian model; conditions (26) and (27) indicate 
that a sufficient condition for this is that the tails of the prior be heavier than 
the tails of the noise distribution. At least in this situation, one may expect the 
qualitative features of our theory to remain true; it is left to future work to 
investigate whether there are differences in quantitative thresholds and, perhaps, 
in rates of convergence. 

PROOF OF LEMMA 2. Suppose that A/ has general prior density f, with 

respect to a suitable dominating measure. Then the posterior density 

f(Atlx) = C(x)po(x - ) f(it), 

so that, for any u < v and X2 > xl, 

f(vIx2)f(u xl) ((X2 - v) (p(Xl - u) 

f(ulx2)f(vIxi) (o(x2 - u) (q(XI -V) 

so that 

f(vIxl)f (ulx2) < f(u xl)f (vlx2). 

Now, for any m, integrate with respect to the dominating measure over -oo < u < 
m and m < v < oc to obtain 

P(,u > mlxl)P(gu < mIx2) < P(,u > mlx2)P(tp < mlxl), 

so that the odds that /p < m are greater for X = xl than for X = x2. Letting ,j(x) 
be the posterior median of u/, given X = x, it follows that f(x2) > 4((xl), so the 

posterior median is a monotonic function of x. 
Return now to the mixture prior (2). The antisymmetry of the posterior median 

is immediate from the symmetry of the prior and the error distribution. If w > 0, 
the probabilities P(/u < OIX = x) and P (L = OIX = x) will be nonzero for all x 
and each will vary continuously as a function of x. By symmetry, P(/u < OJX = 
0) = P (/. > OIX = 0) < ? and so there will be a range of values of x containing 0 
for which the posterior median is 0. By symmetry and the monotonicity of 4 there 
will be some threshold t(w) such that the posterior median is zero if and only 
if -t < x < t. The posterior median of /,, given X = T, is necessarily zero, so 
T(W) < t(w). 
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Suppose x > 0. By the assumption that y is symmetric and unimodal, 
y(x - v) > y(x + v) for all v > 0. Hence, multiplying by o((v)/g(x), if x > 0, 

(36) f(x - vlX = x, t + O) > f(x + vIX = x, t + 0) for all v > 0. 

Integrating over 0 < v < oo, 

P(zu < xlX = x, Lt -~ 0) > P(/, > xlX = x, ItL = 0). 

Therefore, 

P(Lt > XX = X) < P(/lz > XX = X, IL O)< < , 

and so the posterior median satisfies ,i(x) < x for all x > 0. By the monotonicity 
of , we have the shrinkage property 0 < 4i(x) < x for all x > 0; by symmetry it is 
also the case that 0 > ,(x) > x for x < 0. 

Finally we show that the maximum amount of shrinkage is appropriately 
bounded: the approach is to find a constant a such that for all sufficiently large x, 

P(pu >x -alX =x) 
(37) 

=P(li > x-aX =x, ,t : O)P(, t: OIX =x)> >. 

The term P(u > x - aIX = x, ,t 0 O) does not depend on w, and we consider 
it first. Set B = suplul<M Y(u)eA//y(M)eAM. For u < 0 and for u > M, u - 

y(u)eAu is increasing and so for any c > M we have 

Odds(/c > clX=x, /x O) 

(38) f ?y (u) (x -u)du fc e-Auo(u-x)du 

SfCy (u)(x - u)du - B fc, e-AU((u -x)du 

Since A < p, we have ef? e-Av^(v) dv < oo, and so there is a value a such that 

r00o r-a 
(39) J e-Avo(v)dv> 3B e-Avo(v)dv. 

-a -oo00 

As long as x > a + M, from (38) and (39) we will then have 

Sf? e-Avrp(v) dv 
(40) Odds( > x - aX = x,xg O : 0) > > 3, 

B f_ e-^vq(v)dv 

so that 

(41) P(I > x- alX = x, ,t O) > 3. 

Now set e = (p - A)/2. Taking into account (26), (27) and (31), choose rl > M 

large enough so that for lul I t> we have 

(log g)'(u) > -A - , (log p)'(u) < -p. 
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Choose wl so that T(wl) = Tl, and define cl = 2(p-A)-1 log 2. Suppose w < wl, 
so that r(w) > Tl. It follows from (35) and (42) that, if x > r(w) + c1, then 

(43) Odds(,/z 0IX = x) = Q(x, w) > Q(r(w), w)e(P-;)(x-r)/2 > 2. 

On the other hand, if w > wl we will have Q2(x, w) > Q(x, wl) > 2 as long as 
x > Tr + c1. In either case, it follows that P(/,z - 0 X = x) > 2. 

Combining this bound with (41), it follows that (37) is guaranteed whenever 
x > max{a + M, r(w) + c 1, Tr + c }; otherwise, all we can say is that x - (x) < x. 
Hence, for all x > 0 and w E [0, 1], 

x - 4(x) < max{a, a + M, T(w) + Cl, Tl + cl} < T(w) + b 

with b = TI + a v cl, which yields the required shrinkage bound since t(w) < 

t(w). El 

5.3. Properties of posterior median for Gaussian errors. For the remainder of 
the paper we specialize to the Gaussian error density 0 in model (1) and to the 
global boundedness assumption (7) on the logarithmic derivative of the prior y. 
Property (31) is then strengthened to 

d 
(44) sup logg(u) < A < oo. 

du 

When P = ?, the representation (33) yields 

(45) 1 + (y) = (g/b)(y) =22 cosh(yt)e- 2/2y(t)dt. 

Since cosh yt is an even convex positive function for each t, it follows that 1 + / (y) 
is also. Also, from (45) 0 < 1 + ,B(0) < 1, so that -1 < /B(0) < 0. We denote 

by /-1 the positive inverse of /B, defined on the interval [P(0), xo). We also have 
the following simple bounds: 

(46) I(y)I < C(g/0)(y), for all y, 

(47) (g/)(Y) < /3(y) < (g/0)(y), if y > -l1(1). 

For a lower bound on the second derivative of B/, from (45) we have, for y > 0, 

(48) P"(y) = t2cosh(yt)e-t/2 y(t)dt > t2e-t/2y(t)dt = P"(O) > 0. 
J-00 J-00 

We now develop an explicit form for the equation defining the threshold t(w). 
Define g+(x) = fo? 0 (x - /)y (/z) d/ and g_(x) = f?0 0 (x - /)y(/L) d,. Then 

P (/ > OIX =x) = 
wg+) 

(1 - w)q(x) + wg(x) 

Therefore, the threshold t satisfies 

2wg+(t) = (1 - w)(t) + wg(t). 
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Dividing by w/ (t) and rearranging yields 

(50) 1 g(t) +t) =1+2 sinh(t,t)e -/2/2y (i)dtL. w 0 (t) 

This equation shows that the posterior median threshold t(w) is continuous and 
strictly decreasing from oo at w = 0 to zero at w = 1. 

5.4. The link between threshold and pseudothreshold. It will be useful to find 
bounds on the threshold of the posterior median function in terms of the weight w. 
It will be convenient to define the pseudothreshold (w) by 

= 3-l(w-1). 

The following result sets out relations between the pseudothreshold ((w) and the 
true threshold t (w) of the posterior median function. In most of our discussion the 
dependence of t and < on w is not expressed explicitly, and, indeed, any two of t, 
r and w can be regarded as functions of the third. 

LEMMA 3. For all w E (0, I], 

(51) 1 + ,B{t(w)} < f{((w)} < 2 + j6{t(w)}. 

PROOF. The bounds are a straightforward consequence of (50) defining t (w), 
which may be rewritten in the form 

8(() = ,8(t)+ 2 - 2g_(t)/0(t). 

Clearly, 

0 < g_(t) = 0((t - )y(A))d/ < 0((t) I y(i) dU = 0((t). 
J-00 J-00 

Thus, 0 < 2g_(t)/0(t) < 1, which establishes (51). D 

From the properties of / we can derive two important corollaries. First, we have 
0 < t < C for all finite t and C, so that 

(52) t2 < 2. 

Second, from the property (48) that ,8"(y) > C for all y, it follows that, for y > 0, 
B'(y) > Cy. Therefore, 

d 1 1/2 
/3(pWU/)= -u(1/2/( )> C, 

du 2 2 

so that 

-() - 3()=8(FZ) -_ (2) > Ic(2 _-2). 
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Therefore, 
(53) 2 2 (2 _ t2 < 2C-1{(() - fB(t)} < 4C-1, 

so (for a different value of C) -t2 < _2 + C and so finally, for some constant 
C >0, 

(54) 0(t) < C(() . 

5.5. Properties of the posterior mean. In this section we consider the effects of 
using the posterior mean as an estimate instead of the posterior median. We begin 
by considering the behavior of the posterior distribution conditional on / 7Z 0, 
which is also the unconditional case w = 1. Given any x, define 

/1 (x) = Epost( IX = x, /t = 0) = S uq(X-u)y (u)du 
f)_((x - u)y(u)du 

A simple argument using the property 0'(t) = -to(t) shows that fil (x) = x + 
(log g)'(x), and, hence, using the bound (44), 

(55) ll (x)- xl < A. 

Defining fu(x, w) to be the posterior mean E(tlIX = x), we then have 

(56) ,t(x, w) = P(/t / 0IX = x)E(tUIX = x, x, i 0) = w (x, w)/1 (x). 

From (36), if x > 0, the posterior mean il (x) < x; by a similar argument, for 
v >0, 

fl (VIX=x, O 0) > ft(-vlX=x, O) 

and so jlI (x) > 0. Also, by a simple extension of the corresponding argument at 
the beginning of Section 5.2, 1tl is an increasing function of x. Hence, /1l is a 
shrinkage rule, and from (56), so is /(., w). 

For each x the the posterior weight w(x, w) is monotone increasing in w; for 
x > 0 it follows from (56) that so also is the posterior mean u(x, w). 

Bounded shrinkage properties of the posterior mean. From (55) and (56) 
we have 

x - ,(x, w) = (1 - w)x - w(logg)'(x). 

Choose w1 so that r(wl) = A, and let T2 = r(w A wi) > A. Using (35) and (44), 
we have 

r rx \ 
QS(x)> exp (u -A)du > exp I (u - 2)du =exp {(u - )2}. 

F (342) I J2 (a 

From (34), Q(rT2) = Q2(r(w A wI), w) > 1 and so for x > T2, 

1 - w < 1/Q2(x) < exp{-2(x - T2)2}. 
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Combining this with bound (44), we obtain for x > T2, 

x - 8(X, W) < (X - T2)(l - W) + T2 + (log g)'(x)I 

< (x - 2) exp{-(x - T2)2} + T2 + A < e-1/2 + 2A + t(w). 

If 0 < x < T2, then trivially x - < x < T2 < A + t(w), so that we have shown 
that the posterior mean is a bounded shrinkage rule relative to the threshold t (w). 

5.6. Bounds for integrals of exponential growth. 

LEMMA 4. If(logh)'(z) > (logk)'(z)for z E [t, ], then 

{h(?)}- f h(z)dz < {k()}-1 k(z)dz 
(1 (1 

f y-1 - e-y-i)] ifk(z) = eyZ, 

- 4(y-) 1, ifk(z) = eYZ2-aZ, 

where in the second case we require also that i( > 0 and y > max(a, 0). 

PROOF. The first inequality is seen easily by writing h(z)/h(() = 

expt-fz (logh)'}, applying the assumed inequality and integrating. The second 

inquality for k(z) = eYZ is trivial. For k(z) = eYZ 2-Z, we first note that change of 
scale shows that it suffices to prove the bound for y = 1/2. Replacing C1 by 0 and 

completing the square, we then find that the desired bound is implied by 

J-a 2 
(57) 

f 
ev 2dv < -e( .) /2 

If ( > 2 max(a, 0), then a < - a and the integral on the left is bounded by 
2 jo-a ev2/2 dv. Equation (57) now follows from the inequalities 

e-w2/2 ev2/2 d= f e-(w-v)(w+v)/2 dv 

J~~~o 
Jo 

<W e-(w-v)wl2 dv <f e-xw/2dx 2/w. 

COROLLARY 1. If g = y * 0 and y satisfies (7), then 

(58) I(g/l)q(x)o(x - ft)dx < Hq(; A, t)(g/)q(()O((-), 

where 

8/[(q - 1)j], if q > 1, 5 > 2qA/(q - 1), 

(59) Hq ((; A, ) -= (, if q = 1, L > A, 

(eAr - 1)/A, if q 1, 0 < < A. 
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PROOF. Let h(x) = (g/0)q (x)q((x - /t). Then 

(logh)'(x) =q(logg)'(x) + qx - (x - ut) > { 
A q= 1, - 

q - l)x+ /z-qA, q > 1. 
If q = 1, we apply the preceding lemma with log k(z) = (tz - A)z and (1 = 0 and 
obtain factor H1 (r; A, tz) according as tz > A or not. For q > 1, we use the version 
with logk quadratic, y = (q - 1)/2 and a = qA - /, so that y > max(a, 0) 
becomes ( > (2/(q - ) max(qA - /,, 0). D 

6. Risk properties of thresholding procedures. In this section we study 
the risk behavior of thresholding procedures. Because the thresholds obtained by 
the empirical Bayes procedure are data-dependent, some care is appropriate in 
deriving the risk. We begin with risk bounds for hard thresholding using fixed, 
nonrandom thresholds. These lead to comparison inequalities and so to bounds for 
the risk for general random thresholds. The latter continue to hold if the threshold 
is replaced by a pseudothreshold that is easier to find for the mixture prior model. 
Analogs for the posterior mean are studied as well. 

6.1. Risk boundsforfixed thresholds. As a tool for later work, we develop risk 
bounds for hard thresholding, 

ilHT(X, t) = xI{lxI > t} 

in Lq error for 0 < q < 2. For the posterior mean estimator uf(x, w) of (56), 
a bound of similar structure holds for q > 1, based on the pseudothreshold 

= f-l (w-l) in place of t. 

PROPOSITION 1. (a) Fix q E (0, 2]. There exists a constant Cq < 4 such that 

for t > X/2 andfor all ,u, 

(60) EI/|HT(X, t) - I[q <c Cq [Illq + tq-1 (t)]. 

(b) Now suppose q E (1, 2]. There exists a constant cq such that for ( > (y) 
and all /i, 

(61) EIf|(X, w) - ,Uq < c q[Illq + 'q-l1b()]. 

The main use of these bounds is to control risks when /L is not too large, and 
especially when / -> 0. The second term in each bound is, up to constants, a sharp 
representation of the risk at /z = 0 as a function of t or (. 

REMARK 2. If q = 1, it can be shown that the risk for the posterior mean at 
zero, 

EIji(Z, w)l > cw > c0(()/g((), 

is already of larger order than in (61), and so our methods for the analysis of the 
behavior of the posterior mean cannot immediately be extended beyond the range 
1 < q < 2. More remarks will be made in Section 10. 
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PROOF OF PROPOSITION 1. We begin with a simple bound valid for any 
shrinkage rule ,(x). Indeed, for any ,t and x, 

(62) Il(x) - ,tl < max{lttlq, Ix - Ul} < lIlq + I - llq. 

Hence, if X - N(,, 1) and aq = EIZq, 

(63) EIl/(X) -ulq _< l tlq + aq. 

From this we immediately have, when I/| l > 1, 

(64) EIf-(X) - ulq < (1 + aq)l,ulq < 21 lq, 

and so, for the rest of the proof, we confine attention to I l/ < 1, and, indeed, in 
view of symmetry of the risk functions, to 0 < it < 1. 

(a) Write rq(Qu, t) for the risk EIXI{IXI > t} - ,lq of hard thresholding. We 
have 

rq (u, t) = t q[ D(t -) -I (-t - ,t)] + + - Izlq|(z) dz. 

By partial integration we obtain the upper bound 

(65) rq(O, t) = 2 zq (z)dz < bqtq-l (t), 

where bq may be taken as 2 for q < 1 and as 4 when 1 < q < 2 and t > /2. By 
subtraction, 

(66) rq (iL, t) - rq (O, t) = 6 q [( t -t U) - p (-t - /t)] + A(ut, t), 

where 

A(/A)=A(,= -- A z) (z) z. 

The function (q (t) = tq (t) is positive on (0, oo) for all q, and for q > 0 attains 
its maximum value q* = (0)(q/e)2ql at t = /. We remark that 0* < 1/2 when 
0 < q I 3. Set Oq(t, Ai) = qq (t 

- [) + bq (t + g): some calculation then shows 
that when 0 < ,u < t, 

A"(I/) = q+l (t, Ax) - qqq-l(t, L) < 0q+l(t, i) < 20q+1. 

Since A(0) = A'(0) = 0, we therefore have A(/,) < (q*+l/2, at least for 
0 < /t < t. Combining this with (66), we have 

If Lt < 1, then /L2 < Aq, and bringing in (65), we obtain (60) with Cq < 4. 
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(b) In view of (62) and (65), we have, for 0 < /ut < and < > 2, 

E[ii - lq, IXI > ] < 2f [q + Ix - Itlq]0q(x - t)dx 

(67) < 2[ptq ( - tt)-1 + 2(< - t)q -1]0(( - u) 

< 5(q-1(( _ --/). 

On the interval 0 x < ( we have here l/co = g(O)/0(0) < 1 + w/B(x) < 2, 
and so 

wg(x)O/(x) wg()(x) < cowg(x) /(x). 
1 + wfi(x) 

Together with (55) this shows that fi(x, w) < cow(( + A)(g/0)(x), and so 

E[lfi- _lq, IX I <] 
(68) 

< 2q-16 < q + [2cow(( + A)]q (g/l)q(x)p(x - t) dx 

(69) < 2/Uq + [8/(q - 1)(][3cow<(g/0)(()]q4(_ - /z), 

using (58) and (59), valid for < > 2qA/(q - 1), and noting that for such (, we 
have also ( + A < 3(/2. Since ,B(() = w-1 > 1, we always have (g/0)(') = 
P(() + 1 < 2p8() = 2w-1. Inserting these remarks into (69) and combining 
with (67) yields, for , E [0, l] and ' > =o = max{2, -1 (1), 2qA/(q - 1)}, that 

El| - -tl^q < 2zq + Cqq-l( - qZ). 

For 0 < pi < l/', one has (p( - /u) < e0((), while for 1/( < z < l, some 
calculus shows that (q-lr(( _ -) < pt2 < Aq. This completes the proof of (61) 
for 0 < ,u <p , while for /u > the bound follows by a simple modification of (64). 

D 

6.2. Risk bounds for general random thresholds. We begin with a simple 
bound. Suppose that 8 is a shrinkage rule with the bounded shrinkage property, 
and that t is a random threshold with t < t with probability one on the event A. 
Then 

El8(X, t) - tlq IA < 2E[16(X, t) - Xlq + IX - llq]IA 

(70) < 2{It + blqP(A) + [EIX - l2q]l/2p(A)1/2} 
< 4{tq + bq + 1}P(A)1/2 

[We have used EIZ\2q < (EZ4)2q/4 < 3 for q < 2.] 
We now consider more specific risk bounds for random thresholds. The first will 

be particularly useful for small values of the true mean pA, in conjunction with a 
constant t which is with high probability a lower bound for the threshold t. 
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LEMMA 5. (a) Suppose that 0 < q < 2, that X - N(/z, 1) and that t is a 
random threshold that may depend both on X and on other data. Suppose that 8 is 
a thresholding rule with the bounded shrinkage property, and let 

A- =(X, t). 

Suppose that t > V/2. Then for all A, 

(71) Eli2 - u_lq < Cq[ItIlq + tq-lp(t) + (tq + bq+ 1)P(t < t)}/2]. 

(b) If 1 < q < 2, a similar result holds for the posterior mean with estimated 

pseudothreshold T. For > (o(q, y) andfor all /L, 

(72) El~(x, w) - lq < cq[Ilq + ?q-1?(T) + (rq + bq + 1){P(( < )}1/2]. 

PROOF. The method for both parts is essentially identical, so we concentrate 
on the thresholding case (a). Denote by ,* (X) the effect of applying to X the hard 
thresholding rule with threshold t. If t is a data dependent threshold with t > t, 
then it follows from the shrinkage and thresholding properties of , and ,/* that 
both 

(73) sign(') = sign(l*) and 0 < I 1< |I<*l. 

Hence, 

I, - Ulq < max{/ llq, I/* - 1lq} < It lq + 1/t* - tlq. 

If we remove the overall constraint that t > t, it remains the case that 

Il - LlqI[t^ t] <Iq + LI/* - Il1q. 

The inequality (60) for the risk of the hard thresholding rule ,z* with fixed 
threshold t shows that for t > /2, 

(74) El - ̂ lq[t > t] < cq[llq + t-l(t)]. 

Now consider the case t < t. By the bounded shrinkage property and (70) it follows 
that 

(75) El - t1qI[t < t] < 4(tq + bq + 1){P(t < t)}/2. 

Putting together the two bounds (74) and (75) completes the proof of (71). 
For the posterior mean, we use the pseudothreshold C and set ,u(x) 

,u(x, w( )) and /t* (x) = , (x, w(()) in the above argument. The key monotonicity 
property (73) follows from that of w -- ft(x, w), and the analog of (74) uses (61). 
Finally, we use the bounded shrinkage property of the posterior mean. D 

The second lemma will be used in practice for larger values of ,u. 
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LEMMA 6. Make the same assumptions as Lemma 5 but relax the condition 
that S is necessarily a strict thresholding rule; it is still required that S has the 
bounded shrinkage property. Suppose that t satisfies the inequality 

(76) t < Vd log n with probability 1. 

Let t be a nonrandom threshold, possibly depending on n. Then 

(77) Eli| - llq < 8[tq + bq + 1 + (d logn)q/2{P(t > t)}l/2]. 

PROOF. To prove Lemma 6, suppose first that t < t. From (70) with A = {t < 

t}, we have 

(78) El - <qI[t < t] < 4(tq + bq + 1). 

Now use (70) again, now with A = {t > t} and note that t <, d logn w.p.1 on A, 
so that 

(79) Ell - lz/qI[t > t] < 4((dlogn)q/2 + bq + l){P(t > t)}1/2. 

Combining the two results (78) and (79) completes the proof of Lemma 6. i 

REMARK 3. Lemma 6 applies in particular to the posterior mean rule ,u = 
,(x, w( )) with estimated pseudothreshold (. 

It also follows from (52) and (54) that the bounds in Lemmas 5 and 6 remain 
valid if thresholds t are replaced by pseudothresholds ( throughout. 

7. Moments of the score function. In this section we derive properties of the 
score function S(w) that will facilitate our detailed consideration of the behavior 
of w. Suppose that Z - N(0, 1) and define ml(/z, w) = E /(Z + /l, w) and 

m2(g/, w) = E Pf(Z + -L, w)2. We first note that 

amk(i/, w) =- fk 1(x)?/(x)[1 + X-k-[(x)(x - i) - (x + ?/)]dx. 

For k = 1, this shows that /t -- m l(u, w) is increasing for /z > 0. 

7.1. The moments m(w) and mk(tz, w) as functions of w. We give a special 
name to the mean zero case and study it first: 

/00 
(80) mh(w) :=-m (0, w) = -2 J/ (z, w)0(z) dz. 

LEMMA 7. The function w - m(w) is nonnegative and increasing in w E 

[0, 1] and satisfies mh(0) = 0. If ( = -1 (w-l) is the pseudothreshold discussed in 
Section 5.4, then 

(81) 

1629 
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LEMMA 8. Fix t > O. Thefunction w -- ml (, w) is decreasing in w E [0, 1] 
and satisfies ml(i/,0) > 0. In terms of = 8-l1(w-1), for sufficiently small 
w < wo(y) (not depending on it) we have 

(82) ml (, w) > f()( -/), 

(83) m2(/A, w) < CW-lml (it, w), L > 1, 

while 

(84) ml(, w) -j w-1 asw --0. 

PROOF OF LEMMA 7. For each z 7 /3-1 (0), B(z, w) is a decreasing function 
of w and so m(w) is increasing. It follows that, as w \ 0, 

m(w) \ mh(0) =- B/(z)q(z) dz = f {((z) - g(z)} dz = 0. 
J-00 J-00 

To study the asymptotic behavior of m(w) as w -> 0, use the property 
fJ P (y)0 (y) dy = 0 to obtain 

()-20 w3(z)2 
m(w)=21 k+ p(Z 0(z)dz. 

Jo + w(z(z) 

Define = 1-l(w-l). On the range z < C, we have w3(z) < 1, so that 1 + (0) < 
1 + w/B(z) < 2. On the other hand, for z > r we have w,f(z) < 1 + wf3(z) < 
2wp (z). It follows that 

(85) m (w) wl(z)2(z) dz + j l(z) 0(z) dz. 

Appealing to (46), (58) and (59), we then have for ~ > 4A, 

f (u)20(u)du < C Xg(u)2/0p(u) du < 8C- g()2/g0() 

(86) 
( C<_l /(5)g(C) = Cw_l ~. g(C), 

using (47) and assuming also that ( > (o. Hence, the first integral in (85) is 
bounded by a term of order - g(). 

Because P(u)o(u) - g(u) as u --- o, the second integral in (85) is asymptotic, 
via (30) to 

g(u)du x K- g((). 

This term strictly dominates the bound -l1g(.) and, therefore, we can conclude 
that m(w) is bounded above and below by multiples of K-l1g((). I 
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PROOF OF LEMMA 8. Note first that the expression 

ml (t, w)= p B(t, w)(t - it) dt 
00 

shows that m (tt, w) increases monotonically as w -> 0. The limiting value is 

ml(it, 0) = f (t(t - t ) dt = JI ( t - )(r )dt 
J-oo J-oo ?(t) 

= f exp (t- - t2g(t)dt - 1 = e- 2Mg() - 1, 

where Mg denotes the moment generating function of g. Since g is the convolution 
of y and 0, and y is symmetric, 

e-t2/2 M ( ) = e-M2 /2 
My () M c () = My (kt) 

= 2 cosh(t) y (t) dt > 1, 

so that ml (,u, 0) > 0. [If g has sufficiently heavy tails, then ml (tt, 0) may be 
infinite.] 

For sufficiently small w, we have 

(87) f(t, w))(t 
- )dt > , 

since the limiting value of this expression is m I (,L, 0) > 0. It follows that 

r ? 6 ( t ) I _ 0 0 
MI wftw) >p(t - It) dt > -w 

I1 + wp (t) (t-)dt 2-l (t-p)dt 

We turn to the bound on m2(ut, w). Notice first that 

(88) I,(x,w)I C -=IB(0)1/{1+?f(0)}, if, (x) <0, 
(88) 1|5(X, w)| 

< 
' ' - w-1 if/3(x) > 0. 

Hence, 

E\I(/8 + Z, w)l = ml(t, w) + E{fI(/g + Z, w)l - /(/t + Z, w)} 

< ml (u, w) + 2C < Cm (Z,, w) 

for sufficiently small w and tu > 1, since we then have m (,/, w) > m 1(1, w) > C. 
It also follows from (88) that, again for sufficiently small w, lB(t, w) < w1- for 
all t, and so 

m2(t, w) < E{f8(ut + Z, w)2} < w-lElIB(tt + Z, w)l < Cw-lml(gt, w). 

Turning finally to the proof of (84), we have 

mi(,w)= 1 + wP(z + 0) (z)dz=w- r(, z)0(z)dz, 
+ l+u^8(z +^ 

- 

This content downloaded from 128.173.127.127 on Wed, 04 Nov 2015 01:56:25 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


I. M. JOHNSTONE AND B. W. SILVERMAN 

where 

r( , z) = ) I{z > 0} 
M(O + 5( + z) 

as -> oo, since letting Oi(Az) denote a quantity bounded in absolute value 
by IAzl, 

A(0) g() 0(C + z) 
/(r +z) g( + z) ?() 

= exp{01 (Az) - z - z2/2} |O z > 0. 
oo, z < 0. 

The conclusion (84) follows from the dominated convergence theorem, since 

Ir(', z) < 1 [at least for i large enough that ,8(') > 21p3(0)1]. D 

7.2. The moments mk(,u, w) as functions of ,u. We shall need a series of 
bounds for mk(ut, w), each successively more refined as tu is constrained to be 
closer to zero. 

LEMMA 9. There are constants Ci such that for all w, defining c as in (88), 

-mh(w) + Cil(W)i92, for Itl < 1/((w), 
(89) ml(, w) C20((/2)w-1, for Ilul < (w)/2, 

(w A c)-1, for all / 
and 

C3((w)-Kw-lm(w), for Itl < l/((w), 

(90) m2(/, w) < C4 -1'0(/2)w-2, for l/u < (w)/2, 

(w A c)-2, for all it. 

PROOF. We first remark that the global bounds mk(/t, w) < (w A c)-k follow 
trivially from (88). We derive a bound on the behavior of m 1 (,u, w) - m (0, w) for 
small ,u t 0. Assume that Itul < (-1 and that ' > 2. Then for all y E [-', (], 

(91) 0(y - it) = 0(y) exp (/ty - 2 2) < e (y) 

and 

(92) "Y (y )I- (y_ - )2 - 1?(Y - /t) < c(l + y2)0(y), 
where the absolute constant c' < 1.25e. Using the property that I/3(z, w)l is 
bounded above by min{w -l,(z)} if ,8(z) > 0 and by {1 + 3(0)}-1l (z)l if 
, (z) < 0, it follows that 

(93) a2m (, w) 
<f I (z, w)q>"(z - -) dz 

(94) < c I I(z)I(1 +z2)0(z)dz +2w-1 (z- )dz. 
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Since g(z) < C(1 + z2)-1 for all z, it follows that 

/1p(z)10(z) < Ig(z) - 0(z)l < C(1 + z2)-1 

and hence that 

(95) I (Z)(1 + z2) () dz < C. 

For I|ul < C-1 and C > 2 we have 

w-I 0"((z - I) dz 
wI> 

< 2w-1 "(z -1 I/)dz 

(96) 
=(96) -2w-1I'( - Il) = 2w-1(C - I|l)0( - I|l) 

C()(0() C'(1 + 2)-1. 

Combining (95) and (96), recalling that C can be a different constant in different 

expressions, we can conclude that, for I/l <C-1 and C > 2, 

a2m I (z, w) 
<Ca. O .2 
-- 

Since by symmetry aml(u, w)/lu = 0 when /u = 0, it follows that, for / < ,-1 

ml(/L, w) - m(0, w) < C/ u2, 

which completes the proof of (89). 
Turn now to the second moment. Suppose throughout that I Al < -1 and ~ > 2 

and, without loss of generality, that , > 0. By the bounds on lp(z)/{l + wp(z)}I 
and on 0(z - /) as above, 

m2(/I, w) < C (z)20(z - ) dz + / ( ')20(z-/) dz 

(97) _ < Cf / (z)2 (z) dz + 2p()2( - U) 

(98) < Cw- -l g()) + Cp(()2(. _ g)/( - U) 

by using (86). To deal with the second term in (98), use the bounds on q0( - u) 
and the property that ( - u > (/2 to conclude that 

2()2?( - u)/(C - M) < c-~(C)2?() < c-l()g((. 

It follows that, for I|l < (-1 and ' > 2, 

m2(/U, w) C'-lP(')g('). 
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Now use the property (81) that g(T) < C -Khm(w) to complete the proof of (90). 
We now turn to the proof of the intermediate bounds. Note first that 

0?0 ~ (x) -k 

mk(/L, w)<2 f 
1 P) 0(x- i) dx. 

On [0, (] we have 1 + w,B(x) > 1 + p(0) > 0, so that [1 + wB]-1 < C, while on 
[(, oo] clearly wB/(l + wp) < 1. Hence 

mk(z, w) < C j k(x)t)(x-) dx +2w k 
j (x- -) dx 

= CIk,r + 2w-kIk,1. 

Since B(() = w-I, we have for Izl| < (1 -a) , 

Ik, = d4)( - ) < (a)/a<. 

Turning now to Ik, <C C o(g/?)k(x)0(x 
- p-)dx, we apply (58) and (59): since 

(g/0)(r) < 2w-1 and 0?( - it) < exp{-C(; - 2,u)/4}0(r/2) for 0 _< , < /2, 
we have 

Ik,4 < 2k kW-k(/2)Hk('; A, i) exp{-(( - 2)/4}. 

The desired conclusion for k = 2 follows. For k = 1 one may check that 

sup Hi ((; A, ,/) exp{-((( - 2)/4} < C(A), 
(>8A,0_</<(/2 

while a direct argument shows that for ( < 8A, regardless of ,u, I ,r < Cw-1 < 

Cb(C/2)w-~. O 

8. The marginal maximum likelihood weight and its risk properties. The 
marginal maximum likelihood method yields a random weight w', dependent on 
all the data X1,..., Xn, and, hence, to a random threshold and pseudothreshold. 
In this section we study the properties of w8 in order to use the risk bounds of 
Section 6.2 to bound the risk for the whole procedure and, hence, complete the 
proof of Theorem 1. The structure of the proof is essentially the same for both 
nearly black and ep sparseness classes, and to avoid unnecessary repetition of 
arguments, it is helpful to define 

(99) P 1, if p > 0, 
1 if p = 0. 

The bounds obtained in Theorems 1 and 2 do not change as p increases above 2. 
Furthermore, for p > 2 we have fp[r/] C f2[q] and so demonstrating the bounds 
for p = 2 will imply that they hold for all larger p. Therefore, for the whole of the 
subsequent argument, we assume without loss of generality that p < 2. 
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The strategy is to consider separately the components of the risk for large and 
small ,ui. We employ risk decompositions 

Rq(L, L) =- n-l1 El i-i Lilq +n-1 El|i - ilq 
I |il_<T I/il>r 

(100) 
= Rq(r) + Rq(r), 

say. For "global" risk bounds, we take r = 1, while for risk bounds over ep[r/], we 
take T roughly of order (2 log -P) 1/2. 

In each case properties of the estimated weight and corresponding pseudothresh- 
old are derived; these are then substituted into the appropriate expression for the 
risk. We begin by the consideration of the threshold and risk for the components 
with small I/i. 

8.1. Small signals: lower bounds for thresholds. Suppose that, for some p 
with 0 < p < 2 and for some Tj > 0, /, lies in an ip ball: 

n 

tp[r] = ,' : n-1 /i IP < rP 
i=-l 

or, if p = 0, that the proportion of /i that are nonzero is at most r/. Let Zi be 

independent N(0, 1) random variables, and let w be the weight estimated from 
the data gui + Zi by the marginal maximum likelihood procedure. Define the 

pseudothreshold = - (w- 1). 
One cannot hope to adapt to signals that are too small relative to the sample 

size n; this corresponds to restricting t(wt) to the range [0, V/2 logn ]. Hence, we 
set 

jP = max {rP, n (logn)2} 

and, with the usual definition w = f-l(w-1), define the weight w = w(rq, n) by 

(101) P KPwm(w) = UP 

Writing the left-hand side as the product of (P-K/f3(() and m(w), both of which 
are increasing in w (for w sufficiently small), shows that w is well defined and 

monotonically increasing in b, at least for r small. 
The intent of this definition is to choose a weight w = w(r/, n) and pseudo 

threshold ( = ((r, n) which is both a lower bound to = -(wi) for /, E tp[r/] 
with high probability (Lemma 10) and is of the right size to yield minimax risk 
bounds [see (103), (104) and Section 8.2]. 
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Some properties of w and 4. Using the definition of 18 and the property (81) 
that mi(w)x (K-g(), 

(102) rp 'P-Kw'K- g(') x -l[g(. )/(. )] x P-1(). 

We immediately obtain a bound, 

(103) r(()) i0jp2-p 

Taking logarithms, 

0 log0-P - ?2 + (p -_ )logI < C. 

Hence, as r -- 0, 

(104) r2-- 2 log-. 

More explicitly, there exist constants c such that 

(105) 2 > 2 log r-P + (p - 1) log log 
- - c, if P > n-l log2n, 

2logn - (5 - p)loglogn - c, if rP < n-l log2n. 

Approximation (104) shows that our pseudothreshold bound (r, n) has the 
order of the minimax threshold for ep[7rn], and the right-hand side of (103) is 

essentially the asymptotic expression for the normalized minimax risk. We now 
show that (r/, n) is typically a lower bound for the estimated pseudothreshold 
when the signal is small. 

LEMMA 10. Let the pseudothreshold ( = ((r, n) corresponding to j be 

defined by (101). There exist C = C(y) and rio = ro(y) such that if rI < rio and 

n/ log2n > roP, then 

(106) sup P( < () < exp{-C(logn)3/2}. 
kEep [1] 

It follows from this lemma that if , is very sparse (q7P < n-1 log2 n), then t and 
< are, in relative terms, close to /2 logn. On the other hand, if A, is less sparse, 
then t and ^ are at least about /2 log r/-P. (Recall from (53) that the difference 

- t E [0, C/t] is small.) 

PROOF OF LEMMA 10. This argument leading to (103) also shows that 

2 ( - 1) log < logn - 2loglogn + 0(1), 

and hence that t(w) < ((w) < /2 ogn for n sufficiently large, so that w E 
[wn, 1], the interval over which the likelihood e(w) is maximized. Consequently, 
{ < ) ' = {wi > w} = {S(w) > 0}. The summands in S(w) = i=l B (iti + Zi, w) 
are independent, and in view of (88), bounded by cow-1. 

We therefore recall Berstein's inequality [e.g., Pollard (1984), page 193], 
which gives exponential bounds on the tail probabilities of the sum of uniformly 
bounded independent random variables. 
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PROPOSITION 2. Suppose that W1, W2,..., Wn are independent random 

variables with EWi = 0 and IWil < M for i = 1,...,n. Suppose that V > 

En_L var Wi. Then, for any A > 0, 

P(E wi > A) exp{-2A2/(V+ MA)}. 

We have 

(107) P(w > w)= P{S(w) > O}= P Wi >A), 

where Wi = /(mti + Zi, w) -ml (/i, w), M =2(c A 1)- w-1 and 

n 

A = -m (/i, w). 
i=l 

Define sets of "small," "medium" and "large" co-ordinates, 

-= {i: l/il < .-1}, < = {i: (-1 < I/il < (/2}, = {i: l/il > (/2}. 

For the nearly black case, it suffices to consider only two classes, coalescing M 
and 8, but it is notationally simpler to use the same argument as for ep. 

Using the three parts of (89), 

Eml(lZi, w) < [--m(w) + C1L2] ? C I2MI(/]2)w- + IC0w-l. 
iES 

On the tp-ball fp[q], we have #{i: Atzi > t} < nrPt-P and so 

(108) -S1 > n - nrqPp, I1 < nlPI p, Il < nrjP2P-P. 

On the set -, we have /2? < {z, IP pp-2, and so, on making use of (101), 

E ml (Ai, w) < -nm(w) + CnqrPT -Pw- 

x [w 2pm(w) + Clw~2p-l + '2pq( /2) + 1] 

< -n[m(w) - COPT-Pw-l] 

= -nm(w)[l - C-K] < --nm(w) 

for w < wo. Consequently, A > nm(w). 
We now obtain a bound on V = E var Wi. Using the same decomposition into 

small, medium and large coordinates, we have from the three parts of (90), 

V < Em2(Zi, w) < C31ll-w- (W) + CIMlw-2 -lp(/2) + IlXlw-2 
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Using now (108) along with (101), we find that for sufficiently small w, 

V < Cn-Kw-ltm(w) + CnPjrP-lw-2?('/2) + CnP~'-Pw-2 

< Cnw-lm(w)[ -K + (2p-K-lq(r./2) + .-K] 

< Cnw-l (w)~-K 

Turning to the exponent in the Bernstein bound, we have for w < wo, 

A2 --1 V M Cnw-lm(w)(-K Cw-1 

V + (1/3)MA_ A2 +3A- n2(w)2 nmh(w) 

=C{nw,m(w)}-1. 

Therefore, applying the definition of j, 

A2 
V (/ A > Cnwtm(w) > Cn1(PK-P > C(logn)2[1og1-P](K-p)/2 

V+(1/3)MA - 

Define no(y) so that n > no if and only if n/log2n > rq P. If K > p, then for 

q < tro and n > no we have r~-P = min{r-P, n/log2 n} > rP, while if K < p, 
then 0-P < n and KP > -1/2. In either case we have 

[log-1P](K-p)/2 > C(logn)-1/2. 

Applying the Bernstein inequality to (107) concludes the proof of (106), so long 
as w < wo(y). Use (101) to define ro as the value of r corresponding to wo, and 
then set qo = -0o to arrive at the first statement of Lemma 10. D 

8.2. Small signals: risk behavior We apply risk bound (71) of Lemma 5. 
Bound (54) permits the inequality to be rewritten in terms of the pseudothresh- 
old '. We have, for all values of [Li, 

(109) EJlti - tilq < C{lIlilq + (q-lb() + (1 + gq)P( < <)1/2}. 

If i is sufficiently small [less than r/o = ro(y), say], then we may use bounds 
(104) and (103) along with the probability bound (106) to yield 

El\i -iq < C{[ 1i lq + 01?(log -, )(q-p)/2 + (log -P)q2e-clog3/2n}. 

If n > no(y), we have exp{-C(logn)3/2} < n- (logn)2-P/2 < i1P(log r P-)-p/2 
and we finally obtain 

El I-^i Iq < C {[L Iq + P(log 0-)(qp)/2}. 

If rP =- n-(logn)2, then log -P = logn - 21oglogn - logn so that, in 

general, 

17P( log 

- 

)(q-p)/2 max {P ( log -)(q-p)/2, Cn-l (logn)2+(q-p)/2}q 
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Combining the last two expressions and summing over i yields 

Rq() = n-1 E E - I Li Iq 
Iuil_< 

< Cn n-1 E ilq + r1P(log r-P)(q-p)/2 +n-l(logn)2+(q-P)/2 

Ilui_I< q 

If q < p, we have by Holder's inequality 

(110) n-lE ,laiq < (n-l E Ili P) < q 

and also rlP(logrl-P)(q-p)2 < Cp,qrq for r < e-1. If q > p, we have Iliq < 

Il,i Ip(q-P, and so, using the property that if p = 0 at most nr of the terms will be 
nonzero, 

n-1 l Itlq < PqP CrlP(p logr-P)(q-p)/ 2 

In every case then, for / c E p[q], < r0o(y) and n > no(y), we have 

(111) Rq(() < C{rp,q(rl) + n-l(logn)2+(q-P)/2}. 

Before leaving the consideration of small ,ti, consider the case where there are 
no constraints on ut at all. The application of the elementary risk bound (63), along 
with aq < 1, then yields an absolute bound on the average risk for small /u: 

(112) n-I E El ̂ i - Lit,q < n-L E (1 + /,i Iq) < 2. 
Itil<l l[il_l 

8.3. Large signals: upper bounds for thresholds. Define '(T; /) = n-'#{i: 
lAil > rT}. We will be interested in deriving upper bounds on the estimated 

pseudothreshold ' when it is known that t (r; it) >_ for appropriate choices of r. 
Choose wo small enough so that both (81) and (83) apply. Define 

(113) w(, 7r) =sup{w < wo: rml(r, w) > 2m(w)}. 

Since ml(T, w)/m(w) - oo as w -> 0, certainly w(T, 7r) is well defined. On the 

pseudothreshold scale, we write (,= or ((r, rr) for 1-1(l/w(T, rr)). 

LEMMA 11. There exist C = C(y) and ro = 7to(y) such that if < ro, then 

for all r > 1, 

(114) sup P,(( > (r) < exp{-Cnr,7 ((T,S)}. 
/X: 7(T;/z)>7 
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PROOF. If nr of the /i for which |i I >I T are shrunk to ?T, and all the 
other Aui are set to zero, then the distribution of each |I t + Zi I will be stochastically 
reduced. Since ,(y, w) is an increasing function of IyI for each w, it follows that 
S(w) will be stochastically reduced, and so P(S(w) < 0) will be, if anything, 
increased. Thus, the maximum value of P ( > r) subject to the constraint that at 
least nn of the |tLi I exceed r will be taken when exactly nn of the I/,i I are equal 
to T and the remainder are zero. We shall therefore assume that this is the case. 

We now return to the problem of bounding the probability that S(w) is negative, 
for w = w(r, wT). We have, following (107) but changing the sign, 

n 
P( < W) = P(S(w) < 0)= P Wi > A 

i=l ? 

where, on this occasion, 
n 

Wi =ml(mi, w) - (Ai + i, w) and A= m l (i,( w). 
i=- 

Just as above, I Wi I < 2cow-1 for all i. To obtain a bound on A, we have, making 
use of the definition (113) of w, 

n- A = ( - rr)ml(0, w) +7rml(T, w) 

> - rmi (T, w) + 7rm I (, w) = 2m (r, w). 

We now seek an upper bound on the sum of the variances of the Wi. Making 
use of the bound (90) for m2(0, w), bound (83) for m2(r, w) and (113), 

n 

n-1 Evar Wi < m2(0, w) + nm2(t, w) 

< C'(w)-'w-lm(w) + Cw-l7rml (T, w) 

< Cw -lnm1(r, w). 

Substituting into the expression needed for the application of Berstein's 

inequality, we have 

n V + _ < Cw- 7-m 1r 1 (Tr, W), 

so that 

A2 
> Cnw7rml (r, w) 

V+(1/3)MA- 

> Cnwm(w) > Cn'K-1B(w)-lg(') 

> CnC-?(, 

(since w < wo). [ 
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8.4. Large signals: risk behavior. Let = (Tr, (rT; /,)), where r remains 

unspecified for the moment. For each ,ui, we have from (77) and (52), 

E\l i - i Iq < Ct{1 + q + (logn)q/2 P( > ,) 1/2}. 

We then consider two cases. If 2 > log n, then the right-hand side is bounded by 
C(1 + 2(q). On the other hand, if 2 < logn, then 

n:K-1 exp{-212} > Cn exp{--(2} > Cn1/4, 

so that from (114), 

(log n)q/2 P(, > .)1/2 < logn exp(-Cn1/4) < 1 

if n > no. It follows that, for sufficiently small 7r and n > no, whether or not 
2 > logn, 

(115) El i i- i Iq < C 1 + 'q). 

Hence, 

(116) Rq(T) = n E El i - iilq < Ci(r; ( t)[1 + ( (T , (T,/))]. 

For the global risk bound needed for Theorem 1, we set r = 1. Let n = ni (1; pu). 
We seek a bound for C = ((1, r). Since mh(w) K-lg() by (81), it follows that 
for sufficiently small n and, hence, w, 

-1 ml (1 ,w) > C-e 
2m (w) 

Taking logarithms, we have 

log r1 > c - K log + 

and, hence, for sufficiently small rT, 

(117) 'q = '(1,7)q < 2q(log7-1)q. 

In combination with (116), this yields, regardless of the value of r = ' (1; /u), 

(118) Rq(1) C7r[l + (log r-1)2] < C. 

Write (1 for the pseudothreshold ((qr, n) defined by (101). Our main goal now 
is to establish a large signal complement to inequality (111), namely, 

(119) Rq (1) < C{rp,q(r) +n-l(logn)2+(q-p)/2}. 

The approach will be to apply Lemma 11 with T = 2= (2(g/) defined by 

(2 = <( I, 7r), 
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Let us first verify that, as one would expect for /z E ep[rq], 2 > <1- Since 

m(w) x K-1g(() by (81), and m1(1,wi) ) (2wi)-1 by (84), we have, 
using (102), 

mI(', wl ) l(') 1-_K WI 
-K 

p p-K 

hm(W) 2 g(i) 1 0('l) 

For p > 0 we now use the bound E ,ai IP < nrlP, while for p = 0 we simply use 
Tr < q. Both cases are encompassed by the inequality 

(121) Tr < rP1p < P 

and so 

mI (l, wl) 
C K1 Kr- << 27-wl for l large, 

m(wl) 

which shows that (2 > i( (and, in particular, that (2 > 1). 
In this notation the bound (116) becomes 

IRq (l) C7r(l + 2)) ' C7r<. 

Although (121) places an upper bound on r, in fact, it may be arbitrarily 
much smaller. The analysis to follow considers separately cases in which 7r is 

comparable to, or much smaller than, OPIl P 

Recalling the lower bound (82) that ml(li, w) > B(w)P(< - 1i), it follows 
that 2 < (3 = ((w3), where W3 is the solution to 

(122) (((w) - 1i) = 4-l whm(w). 

<3 is intended as a more manageable version of <2. 

Suppose first that <3 > (1 + 1. Then from (122), 

7rq < 
C q+K--1 g(3) 3 --1 

2 - 3 P('3) (53 - l1) 

KC.+q '3) K +qe_(C3_Cl)Cl(p(.) -< C3 ? (3 ( )3 - C(l 

Using (103) and the fact that (3 - -(3+q e-(3-0 i)i is decreasing, at least for 

(3 > <1 + 1, we get 

2C _< c,l -P(c, + 1)K+qe-51 

From (104), we then conclude that for <1 sufficiently large, 

nrmq < max {CrlPl(21og r-p)-2lK+3+q-pe-' , Cn-' 1K+7+q-Pe-5} 

< C max {IP (2 log -p)-2, n- } 
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Now suppose that <3 < ?l + 1 (and, hence, 02 E [ki, 1i + 1]). Since c(C3 - ei) > 
i (1), it follows that (3 is smaller than the solution to 

dl(1) = 4wm(w)r ( 
K1 -g(() -1 (K-1 -1 

Taking logarithms, the equation becomes 

(2/2- (K - 1) log + logc = log -1, 

from which it follows that 

22 2 + log + log lgr + C. 

Consequently, since n7[2log7 r- + loglog r- 1 + C]q/2 is increasing in n for 
sufficiently small rT, and n < /p(1 P, we get 

[21g( < C(17P P[21og-l) (-/2 C(21g -/2 log )-p/2 

If q < p, the right-hand side may be bounded further by Crq. If q > p, consider 
separately the two cases UP > n-l log2n and riP < n-l log2n. In all cases we 
obtain (119) for sufficiently small r1 and n > no. 

To complete the proof of Theorem 1, combine the bounds (112) for Rq(1) 
and (118) for Rq (1). For the adaptivity bound, similarly combine bounds (111) 
for Rq (1 ) and (119) for Rq (1). 

9. Proof of Theorem 2. The proof of Theorem 2 requires small but significant 
modifications to the proof of Theorem 1. 

Consider first the case rpj > n-1 log2n, so that i7 = q. To show that parts 
(a) and (b) of the theorem remain true with /lA in place of /, simply observe 
that 

EI8(X, tA) - uq = E{IS(X, t) -ul < tn} + E{I8(X, tA)- lq, t > tn} 

Ignoring the event {t < tn } in the first term leads to 

Rq (A ) , M) <) +R Sq(iAF, i), 

where 

(123) Sq(AF, L) = n1 E{1(Xi, tA) - 1iq, t > tn}. 

The superscript F emphasizes the fixed threshold tA. 
The bound of Theorem 1 applies to Rq (,), so it remains to consider 

Sq (^F, AL). Analogously to (100), decompose (123) according to terms with large 
and small values of i, obtaining 

Sq(,^ F,) = Sq(r) + Sq(T), 
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where, for example, 

Sq(T)- =n-1 E E{(Xi, A)-Li, > tn}. 
IAi l>T 

We will need the following risk bounds from Section 6. First, from (71), 

(125) E16(X, tA) - ,q < cq{lllq 9 t - (tA)}, 

while from (70), for any event B, 

(126) E{IS(X, tA) - Iq, B} < 4(tq + bq + 1)P(B)1/2. 

Consider first part (a), namely, global boundedness. For small /i one uses (125) 
to obtain 

Sq(l) <n-1 E El^(Xi, tA) - iq 
I/zil<l 

(127) c< Cqin- 
1 +q t-1 (tA)} 

cq{l + tq-1 (tA)} < 2q. 

For large /zi, as in Section 8.4, introduce r = r(l,u/) and '(/g) defined as 
((1, rr), where '(r, 7r) is as defined before Lemma 11. Note throughout that 

((/,) > -I () > 0. Arguing as at (117), we also observe that 

(/z) < 2 logr-1. 

Two cases arise. If ((/L) > log1/2n, then 

tA = V/2(1 + A)logn < c(/z) < clog r-, 

and so, from (126), 

ElrI(Xi, tA) --i Iq < c(log 7-1)q 

and hence 

Sq (1) < c7(logr-)q < C. 

In the second case ((/Q) < log1/2 n < tn and so, using the property ( = (t) > t 
and Lemma 11, 

P(t > tn) < P(( > tn) < P{( > (/z1)} 

< exp[-Cn((<)k-lp{(,/z)}] < exp(-Cn1/4). 

Consequently, using (126) with B = >{ > tn, 

Sq(1) < 47(t + 1)exp(-Cn14 exp(- expCn1/4) logn C. 
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Now turn to part (b), adaptivity over ip[r]. The case q < p is simple; from 
(125) and bound (110), we have 

Sq (8, Z) < cqn-1 {|lti Iq + t-l10(tA)} < Cq r + Cn-(I+A) log1/2 n. 
i 

For q > p, we follow a strategy broadly similar to that of Section 8.4. In (124) 
we take r =- l = ((r, n), the pseudothreshold defined by (101). Applying (125) 
in a similar manner to (127), we find that 

Sq(Vl) 
< Cqn- E {iq +r t-(tA)} < Cq1 

p 
+ Cq -(tA ), 

which is bounded by the right-hand side of (19) in view of (104). 
To bound the large signal term Sq (li), we again apply Lemma 11 with r = 2 = 

C2(i/) defined as in (120). We first observe, using (126) with B = {t > t,}, that 

(128) Sq(l) < c7tq {P(>t t)}1/2 < c7P-Ptq { P( > tn)} /2 

Consider now three cases. First suppose that it is such that (2(t) < tn. Using 
initially the property that ~ = (t) > t^, and then appealing to Lemma 11, we have 

P(t > tn) < P(C > tn) < P(C > r2) 

< expt-Cn'-l0(2)} < exp{-Cntn,-10p(tn)}. 

Using the definition of tn, and the fact that tnl > 1 for n > 13, 

ntn (tn) > >(0) log5/2 n. 

Hence, from (128) and using the fact that r < r7o, 

Sq (1) < CrlP(logn)q/2exp(-Clog5/2n) < Cr1P < Crp,q(r). 

Second, consider /u for which 2 > log n. In this case 2 log- x 2 > log n, 
and so, from (128) 

Sq (lI) < CPI(logn)(q-P)/2 < Crp,q(r). 

Finally, suppose both .2 < logn and '2(it) > tn. In this case 

r3 - (1 > >2 - 1 > tn - log1/2n > 
I 

log1/2n 

if n > no. We use (122) defining (3 to derive an upper bound on 7r. The equation 
implies 

'('3 - '1 ) = 4r -lmh(W3)/l(3) 

42r-1C~-1g('3)/15(C3) 

x 4r- 1 -3-0l (.3) 

3K 

47LIK-1 
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In other words, using (103), 

.- (~'3 
- 

~l)4((3)/P('3 
- '1) 

< ( exp{-(( - l)}0(() 

x 11 P-3 exp{-(3 - 1 ) 1i}. 

Using the first inequality of (128), we have 

Sq (1) < CrPttA3'+l exp{-((3 - 1)'1} 

< CPt (t3 - l1)K+l exp{-(3 - (1)l }, 

where we have used the fact that 3 - (l > ? log/2 n > ?l, so that <3 < 3(3 - (1). 

Using these properties again, as well as the property that l > 8-1 (1), we have 

Sq(lI) < CrP(logn)(K+l+)/2 exp(-l-logn) < CrP < Crp,q(q). 

This completes the proof that the results of Theorem 1 continue to hold for the 
modified estimator for rP > n-l log2 n. 

Now turn to the case r/P < n-l log2n. Reuse decomposition (100) with r = 

{(rq, n) defined after (101). First use bound (71) with t = tA: 

(129) EIA, i - ilq < Cq[lt ilq + t-1(tA) + (t\ +bq + I){P(tA < tA)}1/2]. 

By the definition of tA, we have 

(130) t q-1(tA) = ((O)n- -A[2(1 + A) logn](q-1)/2 < Cn--A log(q-)/2 n. 

To bound P(tA < tA), observe from (53) that t2(') > 2 - C. In combination 
with (105), this implies, for rP < n-1 log2 n, that 

t2(()>t +ploglogn-c-C, 

so that t2 () > t2 for n > n(p, y). Consequently, 

{tA < tA} = {t < tn} C {t < t(5)} = < (} 

and so we conclude from (106) that when r1P < n-1 log2 n and n > n(p, y), 

(131) (t + bq + 1)P(tA < tA) < c(logn)/2 exp{-C(logn)3/2} = o(n-l-A). 

We now have 

qlp n/L ) /p < 
q _ 

r ,q( for q < p, 

(132) n-1 i itilq < (j lLl1 
) for qp, 

n -1 111llq < n(q-P)/Pq for q > p > 0. 

Averaging (129) over all i and inserting (130)-(132) proves (23) for the case q < p 
and (24) for q > p. 
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To prove (23) for q > p, argue as in Section 8.2 to give 

(133) n-1 jE iq < CCrp,q(11), 

so that, summing only over I|i | I , 

(134) Rq(0) < Crp,q(rq) + cn-1-A log1/2n. 

For q > p and I/,il > ~, we apply bound (78), noting that tA i tA with 

probability one, to obtain 

EIlA,i - Ii1q < 4(t + bq + 1) < C(logn)q/2. 

As in the previous section, comparing (120) and (121), we have 

T = n-#{i: lli l > r} < -p 

and so, recalling from (105) that ( > /logn, 

Rq() < jrC(logn)q/2 < ClPp(logn)(q-P)/2. 

But r7P < n-1 log2n implies that log "- > logn - 2loglogn and, hence, that 

log n < C log r-P, so for n large and rP < n- log2 n we have 

Rq(0) < Crp,q(r); 

combining this result with (134) completes the proof of Theorem 2. D 

10. Remarks on the posterior mean. In proving results for the posterior 
mean, we have assumed throughout that q > 1. The failure of the posterior mean 
to be a strict thresholding rule has a substantive effect on the overall risk if 

q < 1. Concentrate attention on the case where y is the Laplace distribution with 

parameter 1, and define f(n) = exp(x/2logn) so that g(x/2logn)-l1 x (n) as 
n -> oo. 

An important contributor to our arguments was t (w) < x/2 log n, from which it 
follows that (w) < x/2 log n. By the definition of T, we have 

1-w 0(/21ogn) 
zi, > 0/2log n 

)> Cn1 f(n), 
1 W' 

- 
g (,,/2 log n ) 

- 

so that wi > Cn-lf(n). Since g(x)/c(x) is bounded below away from zero, it 
follows that, for some constant C and for all x, the posterior weight w(x, w) > 
Cn-' (n). 

On the other hand, the odd function ,/l satisfies fz (0) > 0 and is strictly 

increasing with /1 (x) > x - A for all x; therefore, x- 1 1 (x) is uniformly bounded 
below away from zero for x : 0. It follows that, for all x - 0, 

I/2(x, Wi)l = w(x, wt)lIj/(x)l > Clxln-l f(n). 
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If /t = 0 and X - N(O, 1), it follows that 

E\I(X, w) - _1_q > Cqn -q (n)qEIXq = Cn-q (n)q 

so that, however small the value of r, the risk bound cannot be reduced below 
Cn-q C(n)q, making it impossible for the estimate to attain the full range of 

adaptivity given by the posterior median. The restrictions become more severe 
the lower the value of q. 
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