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On Formulae for Confidence Points Based on Integrals
of Weighted Likelihoods

By B. L. WELcH and H. W. PEERS
University of Leeds
[Received February 1963]

SUMMARY
Lindley’s problem, relating to the conditions under which there is formal
mathematical equivalence between Bayesian solutions and confidence theory
solutions, is discussed. A result concerning location parameters is extended.
The corresponding asymptotic theory is developed and a modification of
the problem is also discussed.

1. INTRODUCTION
A ser of random variables S has a probability distribution depending on a single
parameter 6, the probability element being denoted by p(S, 6) dS. We are concerned
with the problem of making inferences about 8.
If 6 has some known prior probability distribution g(8)d6, then the posterior
distribution of 6 after a sample S has been observed is

28, )a(6) 49

1
Jres.0atrar ®
If, therefore, we define the function g(S, «) to satisfy the equation
9(3,00)
[ nsnawar
=, (2)
[rs.0aa
we shall have
Pr{6<g(S,®)|S}=a. 3)

In other words, for given S, g(S, ) will be the a-probability point for 6.

If 6 does not have a known prior distribution, so that an a-probability point
cannot be calculated by this method, one often seeks instead a function A(S, «), say,
with the property that

Pr{f<h(S, )| 0} =, @

whatever 0 and «. In (4), 0 is fixed and S is random. The probability statement
relates strictly, therefore, to the situation before a realized sample S has actually come
to hand. The value of A(S,«) computed from an observed S is described as an
a-confidence point to distinguish it from probability points calculated on the basis of
prior distributions.

In those circumstances where a solution of (4) exists there is usually more than
one solution and main interest centres on the existence of particular types of solution.
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1963] WELCH AND PEERS — Confidence Points 319

In this connection Lindley (1958) discussed conditions under which there exists a
solytion of (4) satisfying, at the same time, an equation of the form

h(S,0)
f p(S, 1) w(t) dt
=q, )

f (S, ) w(t) dt

where w(?) is some positive weight function to be determined. In other words, he
asked when there would be a solution 4(S, «) of (4) belonging to the class of functions
which can be constructed by substituting different prior probability functions g(7)
in (2). We shall make reference to some of Lindley’s conclusions later. Our prime
object in this paper is to develop certain results in the asymptotic theory which may
be associated with his problem. We shall also discuss a modification of the problem
which leads to somewhat different conclusions.

Before proceeding we should note that, although the weight function w(¢)
appearing in (5) is to be positive, we are not wishing to give it a probability inter-
pretation. A different notation has been introduced in (5) from that used in (2)
simply in order to stress this. We do not at the moment look upon (5) as doing more
than impose a mathematical form on the solution A(S, «) that we are seeking.

Let us write
p(S, 1) = exp{L(S, 1)}, w(r) =exp{(t)}, (6)

1S, 6) = f exp {L(S, )+ (0)} dt, %)
and let us define

i
exp{L(S, 1)+ (t)} dt
1S, 6) = 1(S,0) f

) . ®)
1(S, 0) f exp{L(S, {)+ ()} dt

For all S, #(S, 6) is a monotonic function of 8 and therefore the inequality 8 <A(S, &)
can be written (S, 8) < r{S, h(S, ®)}. In turn, from (5), this last inequality is equivalent
to (S, ) <. We can therefore express (4) in the form

Pr{r(S, 6)<a| 6} = a. ©)

Lindley’s problem is therefore equivalent to the following: Can we find a function
y(¢) which, through (8), will define a pivotal quantity #(S, 8) satisfying the proba-
bility relation (9), whatever 8 and «? In other words, can we in this way define a
pivotal quantity #(S, ) which in repeated sampling will have a rectangular distribution
over the range (0, 1)?

2. AsymproTic THEORY TO O(n—%)

In a wide class of situations L(S, 6) is “‘in the probability sense” O(n), where n is
some large quantity, and, for almost all samples, there is a single maximum-likelihood
estimate 7 which will differ from 6 by O(n—%). All statements about orders of mag-
nitude in the present context should be qualified by the phrase “in the probability
sense”” but we shall not continue to repeat it. We shall, moreover, assume that the
P(r) we are seeking is O(n®). In general, then, the contribution to the integral I(sS, 6)
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320 WELCH AND PEERS — Confidence Points [No. 2,

arising from values of |1—T| exceeding O(n—%) will be negligible. Thus, expanding
the integrand about 7T, we have, retaining terms to O(n—?%),

1(S, 6) = f XL M —TPRL 44— TP L+ 4+ (—T) i + O} dr.  (10)

If we write

02 3
u= (z—T){—%—} : an
3
x= (e—T):—%} , (12)
and )
. {B_Lg_l)} (G=23,..), (13)

then (10) leads to the equation
(- nvg)* @m)*I(S, 0) exp{—L(S, T)—(T)}
= @2m)t Joxexp {— 32+ 3ud vy —v) H+un—H(—v) o/ (T)+ O D}du  (14)
and hence, to O(n~),

2m)—* f xexp {— %%+ Wl vy(— o)) F+unH(—vy) 1 (1)} du

(S, 0) = (15)

2m)—* fexp {— 312+ 3P vy(—vy) H+unH(—0vy) FY'(T1)} du

The quantities # and x in (11) and (12) are O(#°), v, is O(1%), vy is O(n~?) and generally
v; is O(n~*Y=2). For the remainder of this Section we shall continue to retain terms
only to O(n~%) but we shall return to the terms of O(n~1) later. We have then, on
expansion from (15),

r(S, 0) = N(x)+ Y(x) {$vs(— ) H(—x*=2) —n~H (=) (1)}, (16)

where
N(x) = 2m)? Fexp {—%u2du, Y(x)=(2m)~texp{—$x% amn

are respectively the standard normal integral and the standard normal ordinate
at x. Hence

r(S, 0) = N{x+dv(—v)) 7 (= x* = 2) —nH(—vp) 4§/ (T)} (18)

= N{z(S, 0)}, (19)
say.
The quantity z(S, #) defined by (18) and (19) is a monotonic function of r(S, 6),
being simply the abscissa of the standard normal distribution corresponding to a
cumulative area (S, ). In discussing the distribution of r(S, ) in repeated sampling
for fixed 6 it is more convenient to start with the simpler distribution of z(S, 6). For
in order to make Pr{r(S, 6) < «| 6} = « we have simply to make Pr{z(S, 6) < £| 6} = «,
where ¢ is such that N(€) = o. If we wish to make Pr{r(S, §)< |6} = « for all a,
or, equivalently, to make r(S, 6) have a (0,1) rectangular distribution, then z(S, 6)

This content downloaded from 128.173.127.127 on Wed, 04 Nov 2015 01:58:36 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

1963] WELCH AND PEERS — Confidence Points 321

will need to have a standard normal distribution. We shall proceed therefore to find
the cumulant generating function of z(S, 6).

Apart from 6, z is a function of T and the derivatives of L evaluated at T. It will
be convenient to express z rather in terms of the derivatives of L at 6, since often (but
not invariably) the distributional properties of these are more directly known. The
necessary relations are

oL oL )
— +1 2
0O=n 7= { +(T—- 0)802 WT-6) 393}
2L *L
1Y =~ _
g {302 (-6 303} . (20)
4PL_ L [PL
S R P
If we define
6 L S 0 .
then (20) yield, to O(n™?),
x==p(=y)7, va=py—y1¥3)3t, v3=Js (22)

Note that y; and y, are O(n°) and the subsequent y; are O(n~#Y~%). Hence we have
(8, 0) = x+fog(—v) H(—=x2—=2) —n~H(—v)HJ(T)

== y1(=y) 7+ 8=y 0113 = 2 —nH—p) Y (6). (23)

Now the commonest situation with which the present asymptotic theory is
concerned is that arising when S is a sample of n independent values from the same
population, so that L = 2] where / relates to the log likelihood of a single individual.
We denote the joint cumulants of 971/067 (j=1,2,...) by «,y . In this notation
E(0% 1/002) = kyy, and var (91/06) = ky,. However, we shorten «,, to «, since this is
unlikely to cause any confusion. In general the «’s are functions of 6 and occasionally
we write, for instance, x,(6) where it appears necessary to stress the fact. We shall

also wish to refer to a function «,(f) evaluated at points other than 6, as, for example,
in (33) below. The joint cumulant generating function of the y’s is then

log E{exp (Zt; )} = + Koy ty+nt (T +tepg ty B+ Kgor t3) +.. 24
The present theory applies also to a somewhat wider class of situations where the
joint cumulants of the y’s are given by (24) although the «’s may depend on n. It is
essential, however, that the «’s are O(n°%).
It will be recalled that there are in general relations between the «’s such as the
well-known relation
eyt gy = 0, 25)

and the further relations, due to Bartlett (1953),
K3+ 3ieqy + Ko = 0,

26
% = Kg+2Kq1. (26)
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322 WELCH AND PEERS — Confidence Points [No. 2,

From (24) the joint moment generating function of the y’s about their means is
M(t,, t2,...)=exp{ ;'1+ -*( 3 +K1111t2)+ } 27

The moment generating function of z(S, §) is then given symbolically (compare
Welch, 1947) by

E{exp (12)} = M(D,, D,, ...)exp [H{—wy(—wp)?
+ $wg(—wo) T (W wpt —2) —n~H(—wp) Y (O)}], (28

where the D’s denote derivatives with respect to the corresponding w’s and, after
differentiation, we must set wy = 0, Wy = gy, W3 = 1 ¥ kgp;. The final result of carrying
out this operation and of making use of the relations (25) and (26) is, to O(n—?),

Ef{exp (t2)} = exp [tn—?f {1;@* 83—9— wy i (9)} +3t 2] (29)

To this order, then, z will have the standard normal distribution if 4(6) is chosen to
satisfy

Ok, 10logk
’ _ —1772 _ 2
'1[’ (0) = %Kz 90 2 20 (30)
Hence
. $(0) = }log ky+ constant 31
an
w(f) = constant X «}. 32)
To this order the quantity
0
[rs oo
(S, 0) = 33)
[rs. ooy

will therefore have a (0,1) rectangular distribution in the repeated sampling sense.
The corresponding asymptotic formula for the quantity z having a standard normal
distribution is, from (23),

3 0log ky(T)

or

The confidence point A(S, «) is that value of 6 which makes z = ¢. But in the

right-hand side of (34) 0 is contained only in x = n¥(8 — T) (—v,)?. This suggests that
we first solve (34) for x giving

x=n"H0-T)(—vy)t = z+ Jvy(— ) ¥(22+2)

(S, 0) = x—Jvg(— ) (P +2)— dn~H(—vy)” (34)

+inH(—0vy)? 31_(>g9;2__(T) +O0@m™). 35

Hence
nHh(S, @) =T} (—vp)t = £+ Fu(—0p) H(E£2+2)

B G ST ST
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and therefore, from (13),

h(S,0) = T+ g( g;{;) 1E+D) (2;13) (_ g_zTI_;)_z
+%a—l£g3;"_2(T—) (‘2%) _1+ O(n3). (37

Alternatively, theoretically at least, we need not proceed from (34) to (37) by this
manipulation of series. From (33) directly, the equation r(S, ) = « can, subject
only to continuity, be solved numerically to give a unique 8 = (S, ). Indeed, in the
discussion in Section 4 below, it is strictly this value of 4(S, «) that we shall be referring
to rather than the truncated series in (37).

3. AsymptOTIC THEORY TO O(nY)

If we carry the analysis of the preceding Section to a further order in n~* we find,
instead of (16),

r(S, 0) = N(x)+ Y(x) [ dvs(—v2) 1 (x®+2) —n~#(—vp) HJ'(T)
—3204(— 0p) 2 (¥ + 3x) — faxn (= 0) " (T)
—7503(— )P (x° + 533+ 15%) — fan = (—vp) (1)}
— 7 Fog(—vy) 2 (x* 4 3x) ' (T)]. (38)
Instead of (18) we have, for the standard normal abscissa corresponding to r(S, 6),
(S, 0) = x—dvg(—vp) F(x*+2) —n~H(—vy) H(T)
— g0y — v) 2 (¥® + 3x) — 5502~ vy) B (¥*+ 11x)
=~ xug(—0g) 2P (1) — 3t x(—vp) (D). (39
Instead of (22) we have the formulae
===+ (=) e r(— )7
vy = Ya—Y1Ys ¥t — 8RRyt + 1 vyt
Vs =Ys— V1 aVas Vs =g (40)
Substituting these in (39) we obtain the alternative expression
2(S, 6) = —p(=y) = §ps(— ) E =i ya( =)
—nH (=) (0) —Int y ya(— ) H(0)
=iy (= p) (O =Tt v~y =Sy (- y)H
—Brri(—y) =358 (—y) 7t @én
Instead of (24) we have, for the joint cumulant generating function of the y’s,

log E{exp (Zt;y,)} = 1 + Koy lg+ n‘*( 3 Lt kyy fy By + Kooy t3)

t 12 2
+”_1(K3,1 +—= K?, 2+ ki ty t3+ K212,1 2+ Kooo1 14) (42)
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324 WELCH AND PEERS — Confidence Points [No. 2,

Between the «’s defined in (42) there exist the following relations additional to those
due to Bartlett (1953).

3Kgg+ Ky + Okgy + ki1 + Kooy = 0,

, Ok
k3= g = ka3, (43)
" 82

By carrying (28) to O(n™) and making use of these extra relations we obtain
finally, instead of (29),

Efexp (12)} = exp [tn Azt g — izt ' (O)} + %t2
+ 322 {Fucg® reg rep+ By (1) — drg %
=g Ky + it " (6) — dig 2 (9) (3xz+x3)}]- 44

To order n! the third and fourth cumulants of z both vanish but it is not possible by
suitable choice of )(f) to make the mean zero and the variance unity simultaneously.
To this order, therefore, our problem has no solution in general. If, as before, we
make the mean zero by writing

, 1ladlogk
¢' (0) = 2"2 Ko = 5 20 2» (45)
then (44) gives
E{exp (tz)} = exp {étz —?n iyt % (kg KZ_‘})}, (46)

and then z will have the standard normal distribution to order »~2, only if the skew-
ness kgt of the distribution of dL/06 is independent of 6.

4. DISCUSSION

Our motive in discussing the present problem is probably different from that of
some other writers on the topic. We certainly do not wish to imply that the only
allowable confidence theory solutions are ones possessing some formal mathematical
equivalence with Bayesian solutions. But some of the properties of the quantity
(S, 6) defined in (33) seem to be worth summarizing quite apart from this equivalence.
For instance, we may note:

(i) (S, 0) is a rectangularly distributed pivotal quantity at least to O(n—?).

(i) (S, 0) is a monotonic function of § and hence r(S, f) = « may be solved
uniquely to give 6 = A(S,«). Samples for which r(S, 6) <« correspond with those
for which 6 <h(S,«). Several writers have drawn attention to the desirability of this
property; see, for example, Kendall and Stuart (1961, p. 109).

(iii) Also from the form of #(S, §) it follows that A(S, o)) <h(S, o) for oy <o.
This is a necessary property if we wish to talk of a confidence ‘“distribution”
of 6.

(iv) If we approach confidence theory through the initial consideration of a test
of some statistical hypothesis (as is commonly done) a weighted likelihood ratio
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1963] WELCH AND PEERS — Confidence Points 325

criterion for testing 0 < 6, against 6> 6, might be defined by

f " oS, D) let)} dt
u(S, 0) = 2= . @7
fe (S, ) (o) di

Since r(S, 6) is a monotonic function of u(S, #) a link-up with the usual confidence
theory is therefore possible.

We should, of course, have liked (S, 0) to be exactly pivotal in the repeated
sampling sense but in general, as we have seen, we cannot secure this within the present
limitation of form. There is, however, one particular case where further progress can
be made and to this we shall now turn.

5. LOCATION PARAMETERS
Lindley (1958) discussed the present problem firstly in the situation where S
consisted of a single observation x following a probability distribution p(x, 6) dx, say.
He showed that equivalence of mathematical form between a confidence theory
distribution and some posterior Bayesian distribution for 6 could only hold if x
could be monotonically transformed to a new variable x’, whose distribution depended
on a location parameter §" which was a monotonic function of 6. It would be
necessary to have p(x, 0)dx = f(x'—0")dx’, say. He observed also that, even if S
consists of more than one observation, then equivalence of the required nature would
still hold if a sufficient statistic x’ existed with distribution of the form f(x'— 6")dx’.
We can go even further than this as the following remarks will show. Suppose
that S consists of observations x; (i = 1,2, ...,m) and that 6 is a parameter of location,
so that
(S, 0)dS = f(x;—0,x,— 0, ...)dx, dx, ... dx,, (48)

but that there is no sufficient statistic for . We can transform the m x’s to new
variables of which the first m—1 are configurational, such as the successive differ-
ences Xy — Xy, Xo — X3, €tC., and the remaining variable a quantity such as ¥, which has
a distribution depending on § as a location parameter. Denoting the configurational
variables collectively by C, we can write

(S, 0)dS=p(C)dCp(%|C, 0) dx
= p(C)dCf(x—0,C)dx, (49)
say. If then we take a constant for the weight function w(¢) we obtain from (8)

f (O fiE—1, C) e f ! G-, C)dt
(S, 0) = =

= ) (50)
f OV fi(G—1, C) dt f fiE—1,C)dt

The integrals may be transformed by writing ¥—¢ = u— 0 to give

f_wfl(u— 6, C) du
XS, 6) = 2 . (51)
ffl(u— 0, C)du

This content downloaded from 128.173.127.127 on Wed, 04 Nov 2015 01:58:36 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

326 WELCH AND PEERS — Confidence Points [No. 2,

But since f;(¥— 0, C)d% is the probability distribution of % for given C, the denomi-
nator of (51) is unity and the numerator, considered as a function of %, is simply an
example of the probability integral transformation. For given C, r(S, 6) has therefore
a rectangular distribution over the range (0,1). In repeated sampling with C not
fixed the distribution, of course, remains the same. The problem posed by Lindley
is therefore also capable of solution in this situation (and also more generally if some
monotonic function 6’ of 6 is a location parameter). It appears that in these cases
the restriction of A(S, «) to the class of functions satisfying (5) is practically equivalent
in its effect to demanding that

Pr{6<h(S,)|C, 6} = o, (52)

that is, to imposing a probability requirement conditional on fixed C, as was
advocated by Fisher (1934).

6. WEIGHT FUNCTIONS DEPENDENT ON THE PROBABILITY LEVEL

Reverting again to the general case where a pivotal quantity of the form (8) does
not exist exactly, there is a modification of Lindley’s problem which may still be worth *
considering in relation to the points (i)—(iv) of Section 4. Suppose that, instead of
(S, ), we define a quantity (S, 0, «) by

f ’ p(S, ) w(t, o) dt j oexp {L(S, )+ (2, )} dt
S, 0,0) = = s (53)

f (S, ) w(t, o) dt fexp {L(S, )+ (2, )} dt

where the weight function is now dependent on «. We stress again that our weights
are not to be regarded in any sense as prior probabilities. We may then consider the
possibility of finding w(z, «) such that

Pr{r(S, 0,0)<a| 0} = « (549)
for a particular a, or, equivalently,
Pr{z(S, 0,0) < £] 0} = o, (55)

where z(S, 6, ) and ¢ are the respective standard normal abscissae corresponding to
¥(S, 6, o) and a.

Equation (54) defines an integral equation with arbitrary function w(¢,«) con-
taining one current variable ¢z. The equation has to be satisfied for all § and there will
usually be some prospect of a solution. Where asymptotic theory is applicable we
can at least find a series solution, although the exact status of this solution may not
be easy to determine. The issue here is indeed similar to that arising in the two means
problem (Welch, 1947; Trickett and Welch, 1954) where the relation between an
asymptotic series solution and a direct numerical attack on an integral equation has
been discussed in some detail.

The asymptotic theory to O(n™') may be deduced from the expression for
Efexp{tz(S, 6, «)}] on the right-hand side of (44) with ¢'(6) replaced by (0, o). If

we write
(0, o) = digt g +nEj(6, ), (56)
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1963] WELCH AND PEERS — Confidence Points 327
where n~%j(6, o) is a corrective term, we find

E[exp{tz(S, 6, 0)}] = exp { —tn g (0, )+ 32— 5P n kgt -3% (x5 Kz_‘})}, (57
so that the mean and variance of z(S, 0, «) are respectively

—ntigtj(0,0), 1—4ntug? ;—0 (kg k5 h), (58)

the higher cumulants vanishing to O(n).
To satisfy (55) we must therefore have

£ ==t (O, + {1 3 ) 59)
and so
. 0
J(O0) = 5t o (i, (60)
Thus
’ ’ a
P'(0,0) = Izt kg—1gn? 53—0 (re313 ), (61)
so that
(0, ) = $log ky—Fgn~? Exg gt + constant, (62)
and
w(0, o) = constant x «} exp (—ggn? Exg k5 ). (63)

To O(n™1), therefore, the quantity

0
f DS, 1) oD exp [ — gon Eng(d) (o)1 it

(S, 0,a) = (64)

j (S, 1) (1)} exp [ — 2an ny(0) ()}

is such that Pr{r(S, 0, ) < | 6} = a.

We may now note the following points.

(i) Although #(S, 6, «) is not a pivotal quantity in the usual sense of having a
repeated sampling distribution independent of 6, it is approximately pivotal in the
more restricted sense that Pr{r(S, 6, o) <a| 6} = « at least to O(n™") for particular «.
Moreover, the iterative process leading to (64) can be carried to higher orders to
define an r(S, ,«) which will be pivotal in this restricted sense to any prescribed
order of n—%,

(i) From (64) we can solve the equation (S, 0, a) = « numerically to give a
unique value 0 = A(S,«). Samples for which (S, 0, x) <o will still correspond to
those for which 6 <A(S, o), so that one of our important monotonicity requirements
is still met.

(ii) In general, however, we cannot still say that A(S, a;) <A(S, ay) for all oy < iy,
the reason being that r(S, 6, «) depends on «. Where a solution of the integral (54)
exists and can be obtained without recourse to asymptotic series, the corresponding
A(S, o) may, of course, prove to be monotonic in « but it is not obvious that this is so.
Whilst it may be possible to calculate valid confidence points for different o, it will
remain for investigation in any particular instance whether these lead on naturally
to the idea of a confidence distribution.

12
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In (ii) and (iii) we have assumed that A(S, «) is obtained by solving exactly for 0
the equation r(S, 8, o) = «, where (S, 0, ) is given by the right-hand side of (64) or
some similar expression. In the asymptotic theory we can, of course, go to the further
stage of expressing A(S, o) in a series as we did in (37) above.

We start with (39), replacing '(T) now by

V(00 = 8Dk 2 e (T (69)

Solving (39) for x we then obtain, as in (35),

x = z+§vy(—0p) (2 +2) +inH(—vy 3&%%2@

e () o ) T}

+ 7503~ 0p) "3 (528 + 192) + 1 zvy(— v9) 2 : 10&;;2 =

2
+o50(—0)2(234+32) + $n L 2(—vy) L é—}%@

+0@m?), (66)
and therefore

ol G wern GE) (54

(D 58" ()

LA +199) (3;1;) (- g%)_i g(ﬁ'“';;)( Z;Lz) " 2log (@)

+0(m3). @

7. CONCLUSION

As has been stated in Section 4, our only purpose here has been to explore the
possibility that solutions which mathematically, although not logically, are of
Bayesian form may be adapted to provide confidence points in the sense of
J. Neyman, E. S. Pearson and other writers on this subject. We have not discussed
whether such solutions are “best” in any sense and indeed do not know of any
generally accepted definition of ““best” in this connection. Much used alternative
methods are those based solely on the distribution of the maximum-likelihood
estimate T, or solely on the distribution of dL/06. The asymptotic theory associated
with the latter method has been discussed by Bartlett (1953), and a way in which
corrections of different orders of n~* may be supplied for the theory of maximum-
likelihood estimates was outlined by Welch (1939). To order n® in probability, of
course, all these methods are equivalent and the question really is at what order of
n~* they diverge.
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We propose elsewhere to supply some comparisons of the results of the present
paper with those following from other methods of computing confidence points and
also to extend some of our present work to the situation where there are several
population parameters.
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