REJOINDER

Living with Statistics in Observational Research

Sander Greenland™® and Charles Poole*

e thank Andrew Gelman for his comments' on our article.> We hope our response

will clarify areas of agreement and disagreement. We also take the opportunity to
address some larger issues about apparent disconnections: the disconnection between con-
ventional statistical models and the realities of health and social-science research, and the
disconnection between what methodologists seem to say one should do and what everyone,
including methodologists, do (or, rather, do not do) in reality.

BAYESIANS AND FREQUENTISTS VERSUS SCIENTISTS

It seems to us that Bayesian viewpoints and methods have a greater ability to reflect
observational research realities than do conventional frequentist methods,® although rela-
tively unconventional frequentist methods have been developed to address these concerns.*
That is largely because conventional methods start from models of ideal experiments and
elaborate them, always ending with a model that assumes “no confounding” or “ignorabil-
ity” or the like, which is operationally equivalent to claiming that our data were produced
by some kind of intricately designed randomized experiment. These approaches never con-
front the fact that (by definition) observational research is about situations in which no
experiment has been conducted.

In recommending Bayesian perspectives, we emphasize that we are neither Bayes-
ians nor frequentists. Nor do we recommend that anyone become either of them, or any-
thing other than a good rational scientist open to using whatever tools work well for the
immediate task.>® Pure Bayesian methodology is clearly insufficient if frequency per-
formance is of concern (as it often is) and has other limits as well.”® Many statisticians
who include Bayesian methods prominently in their toolkit emphasize the need for model
checks, including frequentist devices such as P values.’* Simply put, a statistician claim-
ing that one statistical philosophy (whether Bayesian, frequentist, or another) is preferred
for all analyses would be like a carpenter claiming that screws are always better than nails
for joining wood.

More generally and relevantly for epidemiology, in the preface to his remarkable
1978 book on statistical modeling, Specification Searches' (out of print but available free
online at the Anderson Project website), the econometrician Edward Leamer wrote:

I am confident that the Bayesian approach helps us understand nonexperimental infer-
ence. It helps also to avoid certain errors. But I do not think it can truly solve all the
problems. Nor do I foresee developments on the horizon that will make any math-
ematical theory of inference fully applicable. For better or for worse, real inference will
remain a highly complicated, poorly understood phenomenon.'

A generation earlier, Jerome Cornfield, perhaps the first Bayesian epidemiologic statisti-
cian, voiced similar reservations about statistical developments:
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Enthusiasm for the newer statistical tools, while
deserved, should be tempered with recognition of the
importance of insight, imagination, and intimate knowl-
edge of one’s field. The statistician functions as a devil’s
advocate against the admission of new evidence, and in
this capacity, has an important influence on the quality
and cogency of the evidence submitted. The investiga-
tor must pay close attention to this advocate but it is his
and not the advocate’s responsibility to decide when he
must stop listening.'®

It is sobering to realize that Mantel-Haenszel methods were the
newest statistical tools in epidemiology when Cornfield wrote
this, in the era of computers fed with punch cards. Modeling and
computing capabilities have grown by many orders of magnitude
since then, yet the inferential capabilities of statistics (whether
Bayesian, frequentist, or other) are still profoundly limited. We
thus think the above cautions apply unchanged today.

In its purest form, frequentism is the use of methods
based solely on “long-run” frequency performance, which
consigns to informal (and hence easily neglected) status other
operational criteria for adequacy, such as coherence between
contextual (background or “prior”) information and the data
model. Like any other pure approach, pure frequentism is a
doctrinaire philosophy that fails in rather glaring ways. The
ever-shifting environments studied by health and social sci-
ences ensure that long-run performance under the current
analysis model is almost never a directly relevant validity cri-
terion; as Keynes'” said, “In the long run we are all dead.” This
problem is all the more acute in fields like epidemiology in
which changes over a subject’s life may have effects that can
drown out the effects we are trying to study.

Another reason is that we never know what the long run
holds in store (apart from death and taxes), yet conventional
statistics use models about the long run that in essence claim
we do know what will happen, at least in broad structural out-
line. A benefit of the subjective-Bayesian perspective is that
it treats these models as nothing more than conjectures about
the long run rather than objective reality. Viewing frequen-
tist analyses of observational data in this harsh light reveals
that they depend on implausible assumptions that too often
turn out to be so wrong as to deliver unreliable inferences.
Objective Bayesian methods use the same data models as fre-
quentists, and so are subject to parallel criticism. Subjective
Bayesians usually use the same models, but without elevating
the models or their outputs to the status of objective facts.

The heroic subjective-Bayesian advocate Dennis
Lindley (1982) put the problem in a way any competent
epidemiologist should appreciate:

Because scientific measurements typically contain unknown
and undetected biases, precision can increase without limit
but accuracy cannot. Statisticians, with their emphasis on
standard errors that ignore the bias, have confused the issue
in some scientific experimentation because the error they
quote is substantially less than the true error.'®
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His complaint applies with even greater force to observational
research.'*!"” Gelman’s discussion of Bem? on extrasensory
perception (ESP) echoes this complaint, as the problems Gel-
man raises (selection bias, misclassification) make every con-
ventional statistic misleading—including confidence intervals
and P values.

Despite early recognition of its profound shortcomings,
frequentism achieved something of a dictatorial monopoly in
the sciences in the mid-20th century (Cornfield being a notable
exception in epidemiology). Claims that its enduring popular-
ity must have been because the methods work well in practic
e21p319.2202 gtrike us as much like claiming that trepanation and
bloodletting must have worked well because they were taught
and practiced for centuries by the most respected experts. For
example, bleeding as a treatment for yellow fever was defended
(in part on proto-epidemiologic grounds) by Benjamin Rush in
the late 18th century,? yet few today would doubt that blood-
letting only worsened morbidity and mortality. We see many
parallels in modern statistical practice. Among them, the fre-
quentist hegemony has produced an epidemic of statistical test-
ing that in turn has led to gross distortions of data reporting.>*2°

SIGNIFICANCE TESTS: TOO EASY TO COMPUTE
AND TOO HARD TO INTERPRET CORRECTLY

Going beyond historical divides, we have argued that
the usual criteria (be they Bayesian, frequentist, likelihood-
ist, or other) for “working well” are at best insufficient and at
worst misleading for observational research. There is one cri-
terion, however, that frequentist statistics fail miserably: ease
of correct interpretation.

Significance tests and P values for null hypotheses
are exceptionally easy to compute, which is a major reason
they were adopted so widely and so early in the era before
digital computers. But significance tests and null P values
are exceptionally difficult to interpret correctly, even in the
hands of statistics professors discussing randomized trials.?’?
P values and confidence intervals become even harder to
interpret correctly in observational studies, especially in light
of the reality that a single study will seldom form the entire
basis for any decision about an effect, and no study will be
free of biases (which render ludicrous any claims that we can
precisely distinguish “significant” from “nonsignificant”). We
have thus attempted to promote more defensible non-Bayesian
interpretations that do not employ or imply any magical cutoff
for decisions or inference.?*??° As with confidence intervals,
however, these interpretations remain problematic owing to the
presence of bias in nearly all studies (including randomized
trials) and by the hazards of inference from single studies.

CATEGORIZATION OF P VALUES GUARANTEES
MISINTERPRETATION
We laud Gelman for calling attention to the instability
of P values and hence of “significance” and “nonsignificance”
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declarations,*® although, in at least some work,’! Gelman
seems to use the conventional 0.05 “significance” cutoff. Here
he states that a trichotomy not involving that value is typical:

In theory the P value is a continuous measure of evi-
dence, but in practice it is typically trichotomized
approximately into strong evidence, weak evidence,
and no evidence (these can also be labeled highly sig-
nificant, marginally significant, and not statistically sig-
nificant at conventional levels), with cutoffs roughly at
P=0.01and 0.10.!

Although others also mention this trichotomy,*> we have not
seen it used in health-science studies. What we see most often
instead is the well-documented “cliff effect” at 0.05.3%3* Using
the 0.05 dichotomy, an effect is considered “demonstrated” if
P =0.04,% but a study has “failed” if P = 0.052.% Researchers
believe they can “establish” effects with P = 0.03,% but inter-
pret results as “showing” that risk “does not increase” when P
= 0.09.%® To the extent that we see a third category used, it is in
the region from exactly 0.05 to approximately 0.10. P values in
this range are occasionally called “borderline” or, in a regret-
table choice of words,* a “trend.”*!

No trichotomy for P values would resolve the issues
Gelman raises. Consider his example of two independent
experiments with estimates (standard errors) of 25 (10) and 10
(10). We lament, as he does, the tragedy that many would call
these two experiments contradictory, or say that the second
did not “replicate” the first, because the null hypothesis was
rejected in the first test (Wald P < 0.05) but not in the second
(P> 0.05). These are wrong conclusions, even within the null
hypothesis testing framework, because the null hypothesis
of no difference between the two experiments is not rejected
(P > 0.05). Using a significance testing approach and an evi-
dentiary trichotomy leaves an apparent inconsistency among
these results: The first experiment provides “strong evidence”
against the null (P = 0.01) and the second provides “no evi-
dence” against null (P = 0.3); yet the comparison of the two
provides “no evidence” that they differ (P = 0.3)!

Still, we think a trichotomy is preferable to a dichotomy
because a third, indeterminate option between rejection (sig-
nificance) and nonrejection (nonsignificance) might reduce
some of the dichotomy’s damage, such as publication bias.
Suspending firm decisions (ie, interpreting results with extra
caution) pending examination of other evidence is usually a
good option to leave on the table. If one were to adopt a tri-
chotomous approach, the boundaries of the middle range of no
decision or inference should depend on the context, including
the alternatives in play and the costs of errors—just as Ney-
man*? advised for dichotomous decision cutoffs (alpha levels).

An even healthier way to interpret P values, however,
would be as a continuous measure, in the style advocated (if
not consistently practiced) by Fisher.?>4*%-¢ In doing so, we
would see that the interpretation of P > 0.10 as “no associa-
tion,” “no evidence of an association,” or “no evidence” is
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simply wrong. In Fisher’s interpretation, every P value cor-
responds to a degree of evidence against the entire statistical
model (the set of assumptions) in which the tested hypothesis
is embedded.*’*® For example, a null P value for the coefficient
in a causal (structural) model might be very small because
the effect is very large or because some other aspect of the
model is very wrong (eg, owing to validity problems). Only a
P value of exactly 1 represents no evidence against the model.
All P values below 1 represent evidence against the model, and
smaller P values represent more evidence, with a P value of
exactly 0 representing logical contradiction of the model.
Most usefully, for epidemiology and other fields in
which the entire model surrounding the test is questionable,
this shift from interpreting the P value as a test of a hypoth-
esis to a test of its embedding model applies whether or not
biases are present.**% An essential caution in this use is that
a large P value does not mean the model should be taken as
correct; rather, it means that the data alone do not provide
enough information for the test to detect model defects,
which still may be large in practical terms. Another caution
is that there are arguments for not using P values as measures
of evidence!***" as opposed to tests of fit, for example, that
P values are poorly scaled for measuring evidence when com-
pared to likelihood ratios and related information measures.

THE IMPORTANCE OF ALTERNATIVES AND THE
DECEPTIVENESS OF POWER

Alternative hypotheses and a comparative concept of
statistical evidence are central to both Neyman-Pearson testing
theory and likelihood theory, and they are easily accommodated
within Fisher’s continuous view of significance tests. For
example, a P value of 0.20 for relative risk (RR) = 1 may be
considered weak evidence against the null, but if the P value
for a proposed alternative of RR = 1.5 is 0.90, the evidence
against RR = 1.5 is even weaker and thus the data alone
provide no basis for preferring or inferring RR = 1 over RR =
1.5. The same point can be seen more directly by computing
the likelihood ratio comparing RR = 1 to RR = 1.5.27#

One misguided and complicated attempt to consider
alternatives examines post hoc power (power calculations on
observed data), which Gelman and Weakliem?! use in their
sex-ratio analysis. Post hoc power is completely dependent on
the chosen significance cutpoint, and exhibits highly counter-
intuitive behavior.’! For example, a test of the null can be “non-
significant” (P > 0.05) and have “high power” (>80%) against
a specified alternative, yet at the same time that alternative
can have a higher P value and likelihood than the null.> It is
far easier to understand comparisons of P values, likelihood
ratios, or posterior probabilities, and for these comparisons no
cutpoint is needed. Indeed, Gelman' and Gelman and Stern®
point out the statistical unreliability of cutpoint-driven inter-
pretation of P values; thus, Gelman and Weakliem’s*® usage
of power®! seems to illustrate only how hard it is to break the
“significance” habit.
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WHY WE TURNED TO BAYESIAN
INTERPRETATIONS OF P VALUES

Although presenting and thinking of P values on a
continuum may avert some of their worst misinterpreta-
tions, the correct frequentist interpretation (which Gelman'
reviews) is obtuse, even from a continuous viewpoint. It is so
obtuse that P is usually misinterpreted as the probability that
chance alone produced the observed association. For example,
Oleckno™r!# states that the P value “measures the probability
that the difference is due to sampling error”’; Marciante et al>*
state that they “conducted a permutation test to estimate the
probability of a chance finding”; and Harris and Taylor® state
that “the P value gives the probability of any observed differ-
ences having happened by chance.” Unfortunately for these
misinterpretations, the probability that sampling error or ran-
dom error or chance alone produced a difference or an asso-
ciation or a “finding” is logically identical to the probability
that the null hypothesis is true and there is no bias, which is a
Bayesian posterior probability.”’ In practice, the null P value is
rarely even close to this posterior probability.”® Thus, it seems
valuable to describe the posterior probabilities that the null P
value actually does approximate or bound, our paper’s main
purpose.

Consider again Gelman’s example of two indepen-
dent experiments with estimates (standard error) of 25 (10),
with null P value P, = 0.012, and 10 (10), P, = 0.32. We
may interpret these as saying that, if perfect, the first trial by
itself should leave us with a posterior probability of at least
P/2=0.6% that the effect underlying the first trial is negative;
whereas, if perfect, the second trial by itself should leave us
with at least P /2 = 16% posterior probability that the effect
underlying the second trial is negative. The one-sided P value
for their difference, 0.289/2 = 0.14, says that, if perfect, these
trials by themselves should leave us with at least 14% proba-
bility that the effect underlying the first trial is actually smaller
than the effect underlying the second trial, opposite of what
the estimates suggest. Unlike the conventional “significance”
statements or evidence categorizations, these correct Bayes-
ian interpretations strike us as intuitively consistent with one
another.

Another interesting divergence of the bounding inter-
pretation of P values from their usual “significance” interpre-
tation is that the smaller a P value, the less informative itis as a
lower bound. For example, being left with at least P /2 = 0.6%

probability our estimate is on the wrong side of the null says
much less than being left with at least P /2 = 16% probability
our estimate is on the wrong side of the null. Thus, it is the
larger value of P/2 that is the more informative of the two
numbers. We think this property neatly answers Gelman’s con-
cern that the one-sided null P value P /2 seems too extreme
numerically as a posterior probability: P /2 seems extreme
only if one fails to recognize that it is a lower bound, which
means the smaller it is the less information it conveys—just
the opposite of the way most everyone perceives P values.
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For related reasons, it is not generally true that “analy-
ses assuming broader priors will systematically overstate the
probabilities of very large effects.”! This statement is correct
only if one’s prior distribution is concentrated near the null,
as is Gelman’s prior in all his examples, which suggests to
us that Gelman (like many) approaches analyses with such a
prior as his implicit default. But interpreting P /2 as a direc-
tional posterior probability is predicated on the assumption
that we have little background information, which is the real-
ity for many epidemiologic studies (such as those concerned
with side effects of relatively new drugs or rare environmental
exposures).

With ESP and with sex ratios, a strong null-centered
prior is an opinion derivable from many studies conducted
over many generations. Like Gelman, we would not want to
mistake P /2 as our actual posterior probability in these exam-
ples. With such strong and well-founded priors, P /2 would be
uselessly low (if not misleading), even as a lower bound. This
is another way of saying that strong and well-founded priors
create precisely the setting in which a given study should not
be used for inference by itself.

Nonetheless, we fear that Gelman overlooked a hazard
complementary to ignoring prior information: the use (often
implicit) of strong priors that are not well founded. We would
point two cautionary examples: the famed Bayesian, Sir
Harold Jeffreys (a geophysicist as well as statistician), who
insisted with high certainty that continents do not drift, and the
even more famous Sir Ronald Fisher (a geneticist as well as
statistician), who insisted that the relation of smoking to lung
cancer could be easily explained away by confounding. Such
cautionary tales of great scientists being misled by their own
strong but poorly founded priors has led to a theme in Bayesian
methodology: Whatever our prior opinion and its foundation,
we still need reference analyses with weakly informative
priors to alert us to how much our prior probabilities are
driving our posterior probabilities. In this role, P /2 is far from
ideal (because, like all other conventional statistics, it ignores
uncontrolled biases), but it is better than no reference at all.

SPIKING SPIKED PRIORS

We agree with Gelman' that “a Bayesian interpretation
based on a spike-and-slab model makes little sense in applied
contexts in epidemiology, political science, and other fields
in which true effects are typically nonzero”; see also Gelman
et al.* As we would put it, in health and social sciences there
is rarely any positive scientific evidence that the null is exactly
true and only a few specialties (eg, genomics) with remotely
credible mechanistic arguments for the exact null. Cox"’
opined similarly that in many studies “there may be no rea-
son for expecting the effect to be null. The issue tends more
to be whether the direction of an effect has been reasonably
firmly established and whether the magnitude of any effect
is such as to make it of public health or clinical importance,”
which leads directly to using one-sided in place of two-sided
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P values. Thus, for most applications, there is no scientific
basis for placing a point probability mass at the null or any
other point.

Our stand against spikes directly contradicts a good
portion of the Bayesian literature, where null spikes are used
too freely to represent the belief that a parameter “differs neg-
ligibly” from the null. In many settings we see, even a tightly
concentrated probability near the null has no basis in genuine
evidence. Many scientists and statisticians exhibit quite a bit
of irrational prejudice in favor of the null based on faith in
oversimplified physical models; Shermer3® is a vivid example
involving cell phones and cancer (see the Greenland*® chapter
for a discussion). This null prejudice also arises more subtly
from confusion of decision rules with inference rules, and
from adoption of simplicity or parsimony as a metaphysi-
cal principle rather than as an effective heuristic (see, for
example, the writings of Kelly® for a critical analysis of the
distinction).

Cultural norms vary among research areas on this ques-
tion. In psychological research, for instance, many hold that
the null hypothesis is almost never true.®'-% We may be highly
certain that any effect present is small enough so that it would
make sense to behave as if the null were true until presented with
sufficient evidence otherwise (a practice both Fisher and Ney-
man recommended); this is a heuristic use of parsimony. But a
prior that a hypothesis is (for now) a useful approximation to the
truth can lead to results quite different from using a spiked prior
(which presumes there is evidence that the tested hypothesis is
exactly true).®® When there is no such evidence, a spike repre-
sents an unscientific faith in, or commitment to, the null, with no
empirical foundation in most health and social-science applica-
tions.”” The only remaining rationale for spikes is then as crude
devices for model or variable selection, but in that role they have
been surpassed by modern “hard” shrinkage and resampling
techniques as found in the statistical-learning literature.®*%

CONCLUSIONS

Faced with the enduring ubiquity of P values, statisti-
cal tests, confidence intervals, and their misinterpretations, we
have countered with correct interpretations.”’” The predomi-
nant misinterpretations are Bayesian in form, by researchers
trying to answer Bayesian questions with frequentist statistics
ill-suited to the task. Thus, the correct interpretations of one-
sided P values we have most recently reviewed are Bayesian.
These interpretations reveal a deep flaw in the common per-
ception that small P values are more informative than large
P values, showing that from at least one Bayesian perspective
just the opposite is true.

Like the usual frequentist interpretations, these Bayesian
interpretations leave the data model unchallenged, and assume
that prior information about the model parameters is weak as
compared with the information in the likelihood or estimating
equations used to compute the P values. This assumption is
made explicit by us and by Casella and Berger™’" but is implicit
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in any correct Bayesian interpretation of conventional frequen-
tist statistics. Common examples include the interpretation of a
95% confidence interval as “a range of values either side of the
estimate between which we can be 95% sure that the true value
lies”” or within which “we are 95% confident” that it lies.**”>7

Do we need the reinterpretations of P values we
described? We think yes, as long as some insist on presenting
“significance” statements that are nothing more than dichoto-
mized P value reports (as Gelman' does in his examples), and
as long as others insist on misinterpreting a null P value as the
probability of the null or the probability that chance alone pro-
duced the observations. Upon encountering the latter misin-
terpretations, editors, reviewers, and readers need to contrast
them against correct Bayesian interpretations. To reject those
correct interpretations will only help perpetuate the misinter-
pretations that dominate the scientific literature.

When we are the analysts and wish to provide a more
realistic analysis, a P value is simply a reference point: It
gives us a bound on a posterior probability under the conven-
tional assumptions, for contrast to the corresponding poste-
rior probability when we make more realistic assumptions.
If all epidemiologic analyses employed realistic, reasonable
assumptions and models, there might be no need for this ref-
erence point; traditional statistical tests, P values, and confi-
dence intervals could then be confined to those randomized
experiments in which their assumptions were met (and where
they would still need to be interpreted correctly). Because we
do not see this happening in our lifetimes, we advise epidemi-
ologists to study correct interpretations of these statistics, if
only to immunize themselves and caution their collaborators
against some of the more damaging misinterpretations and
misuses.
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