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Tour Il Deconstructing the N-P versus Fisher
Debates

[Neyman and Pearson] began an influential collaboration initially designed
primarily, it would seem, to clarify Fisher’s writing. This led to their theory of
testing hypotheses and to Neyman’s development of confidence intervals,
aiming to clarify Fisher’s idea of fiducial intervals. As late as 1932 Fisher was
writing to Neyman encouragingly about this work, but relations soured,
notably when Fisher greatly disapproved of a paper of Neyman’s on experi-
mental design and no doubt partly because their being in the same building at
University College London brought them too close to one another! (Cox
2006a, p. 195)

Who but David Cox could so expertly distill the nitty-gritty of a long story in
short and crisp terms? It hits all the landmarks we want to visit in Tour IIL
Wearing error statistical spectacles gives a Rosetta Stone for a novel decon-
struction of some of the best known artifacts. We begin with the most famous
passage from Neyman and Pearson (1933), often taken as the essence of the
N-P philosophy. We'll make three stops:

o First, we visit a local theater group performing “Les Miserables Citations”;

o Next, I've planned a daytrip to Fisher’s Fiducial Island for some little
explored insights into our passage;

o Third, we’ll get a look at how philosophers of statistics have deconstructed
that same passage.

I am using “deconstruct” in the sense of “analyze or reduce to expose assumptions
or reinterpret.” A different sense goes along with “deconstructionism,” whereby
it’s thought texts lack fixed meaning. I'm allergic to the relativistic philosophies
associated with this secondary sense. Still, here we’re dealing with methods about
which advocates say the typical performance metaphor is just a heuristic, not an
instruction for using the methods. In using them, they are to be given a subtle
evidential reading. So it’s fitting to speak of disinterring a new meaning.

5.7 Statistical Theatre: “Les Miserables Citations”

We are inclined to think that as far as a particular hypothesis is concerned, no
test based upon the theory of probability can by itself provide any valuable
evidence of the truth or falsehood of that hypothesis.
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But we may look at the purpose of tests from another view-point. Without
hoping to know whether each separate hypothesis is true or false, we may
search for rules to govern our behavior with regard to them, in following
which we insure that, in the long run of experience, we shall not be too often
wrong. (Neyman and Pearson 1933, pp. 141-2)

Neyman and Pearson wrote these paragraphs once upon a time when they
were still in the midst of groping toward the basic concepts of tests — for
example, “power” had yet to be coined. Yet they are invariably put forward as
proof positive that N-P tests are relevant only for a crude long-run perfor-
mance goal. 'm not dismissing the centrality of these passages, nor denying
the 1933 paper records some of the crucial early developments. I am drawn to
these passages because taken out of context, as they so often are, they have led
to knee-jerk interpretations to which our famous duo would have objected.
What was the real context of those passages? The paper opens, just five
paragraphs earlier, with a discussion of two French probabilists - Joseph
Bertrand, author of Calculus of Probabilities (1889), and Emile Borel, author
of Le Hasard (1914)!

Neyman had attended Borel’s lectures in Paris, and he returns to the
Bertrand-Borel debate in no less than five different papers — one “an apprecia-
tion” for Egon Pearson when he died - and in recounting core influences on
N-P theory to biographer Constance Reid. Erich Lehmann (1993a) wrote an
entire paper on “The Bertrand-Borel Debate and the Origins of the Neyman
Pearson Theory.”" A deconstruction of the debate illuminates the inferential
over the behavioristic construal of tests — somewhat surprisingly given the
behavioristic-sounding passage to follow. We're in time for a matinee where
the key characters are placed in an (imaginary) theater production. It’s titled
“Les Miserables Citations.” (Lehmann’s translation from the French is used
where needed.)

The curtain opens with a young Neyman and Pearson (from 1933) standing
mid-stage, lit by a spotlight. (All speaking parts are exact quotes; Neyman does
the talking.)

NEYMAN AND PEARSON (N-P): Bertrand put into statistical form a variety of hypoth-
eses, as for example the hypothesis that a given group of stars . .. form a ‘system.’
His method of attack, which is that in common use, consisted essentially in
calculating the probability, P, that a certain character, x, of the observed facts
would arise if the hypothesis tested were true. If P were very small, this would
generally be considered as an indication that ... H was probably false, and vice

! The pagination is from the Selected Works of E.L. Lehmann (2012).
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versa. Bertrand expressed the pessimistic view that no test of this kind could give
reliable results.

Borel, however, . .. considered that the method described could be applied with
success provided that the character, x, of the observed facts were properly chosen -
were, in fact, a character which he terms ‘en quelque sorte remarquable’. (Neyman
and Pearson 1933, p. 141).

The stage fades to black, then a spotlight shines on Bertrand, stage right.

BERTRAND: How can we decide on the unusual results that chance is incapable of
producing? . .. The Pleiades appear closer to each other than one would naturally
expect ... In order to make the vague idea of closeness more precise, should we
look for the smallest circle that contains the group? the largest of the angular
distances? the sum of squares of all the distances? ... Each of these quantities is
smaller for the group of the Pleiades than seems plausible. Which of them should
provide the measure of implausibility?

He turns to the audience, shaking his head.

The application of such calculations to questions of this kind is a delusion and an
abuse. (Bertrand 1889, p. xvii; Lehmann 1993a, p. 963)

The stage fades to black, then a spotlight appears on Borel, stage left.

Borer: The particular form that problems of causes often take ... is the following:
Is such and such a result due to chance or does it have a cause? It has often been
observed how much this statement lacks in precision. Bertrand has strongly
emphasized this point. But . . . to refuse to answer under the pretext that the answer
cannot be absolutely precise, is to ... misunderstand the essential nature of the
application of mathematics. [Bertrand considers the Pleiades.] If one has observed
a [precise angle between the stars] .. . in tenths of seconds . . . one would not think
of asking to know the probability [of observing exactly this observed angle under
chance] because one would never have asked that precise question before having
measured the angle. ..

The question is whether one has the same reservations in the case in which one
states that one of the angles of the triangle formed by three stars has ‘une valeur
remarquable’ [a striking or noteworthy value], and is for example equal to the angle
of the equilateral triangle. . .

Here is what one can say on this subject: One should carefully guard against the
tendency to consider as striking an event that one has not specified beforehand,
because the number of such events that may appear striking, from different points of
view, is very substantial. (ibid., pp. 964-5)

The stage fades to black, then a spotlight beams on Neyman and Pearson mid-
stage.
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N-P: We appear to find disagreement here, but are inclined to think that . . . the two
writers [Bertrand and Borel] are not really considering precisely the same problem.
In general terms the problem is this: Is it possible that there are any efficient tests of
hypotheses based upon the theory of probability, and if so, what is their nature? . ..
What is the precise meaning of the words ‘an efficient test of a hypothesis™?

[W]e may consider some specified hypothesis, as that concerning the group of
stars, and look for a method which we should hope to tell us, with regard to
a particular group of stars, whether they form a system, or are grouped ‘by
chance,’ . .. their relative movements unrelated. (1933, p. 140; emphasis added)

If this were what is required of ‘an efficient test,” we should agree with Bertrand in
his pessimistic view. For however small be the probability that a particular grouping of
a number of stars is due to ‘chance,” does this in itself provide any evidence of another
‘cause’ for this grouping but ‘chance’? ... Indeed, if x is a continuous variable - as for
example is the angular distance between two stars — then any value of x is a singularity
of relative probability equal to zero. We are inclined to think that as far as a particular
hypothesis is concerned, no test based upon the theory of probability can by itself
provide any valuable evidence of the truth or falsehood of that hypothesis. But we may
look at the purpose of tests from another view-point.” (ibid., pp. 141-2)

Fade to black, spot on narrator mid-stage:

NarraTOR:  We all know our famous lines are about to come. But let’s linger on the
“as far as a particular hypothesis is concerned.” For any particular case, one may
identify data dependent features x that would be highly improbable “under the
particular hypothesis of chance.” Every outcome would too-readily be considered
statistically unusual. We must “carefully guard,” Borel warns, “against the tendency
to consider as striking an event that one has not specified beforehand.” (Lehmann
1993a, p. 964.) If you are required to set the test’s capabilities ahead of time, then you
need to specify the type of falsity of H, — the test statistic — beforehand. An efficient
test should capture Fisher’s desire for tests sensitive to departures of interest. You
should also wish to avoid tests that more probably find discrepancies when there are
none than when present. Listen to Neyman’s reflection on Borel’s remarks much
later on, in 1977.

Fade to black. Spotlight on an older Neyman, stage right. (He’s in California, in
the background there are palm trees, and Berkeley.)

NEyMAN: The question (what is an efficient test of a statistical hypothesis) is about an
intelligible methodology for deciding whether the observed [difference] . .. contra-
dicts the stochastic model ... .

[T]his question was the subject of a lively discussion by Borel and others. Borel
was optimistic but insisted that: (a) the criterion to test a hypothesis (a ‘statistical
hypothesis’) using some observations must be selected not after the examination of



C/TOOLSWMS/CUP-NEW/ 14095598 WORKINGFOLDERMAYOS wrstoTisazaciasn - 375 [371-392) 31.7.2018
1:14PM

Tour I1l: Deconstructing the N-P versus Fisher Debates 375

the results of observation, but before, and (b) this criterion should be a function of
the observations ‘en quelque sorte remarquable’ [of a remarkable sort]. It is these
remarks of Borel that served as an inspiration to Egon S. Pearson and myself in our
effort to build a frequentist theory of testing hypotheses. (Neyman 1977, pp. 102-3)

Fade to black. Spotlight on an older Egon Pearson writing a letter to Neyman
about the preprint Neyman sent of his 1977 paper. (The letter is unpublished, but
I cite Lehmann 1993a.)

PeArsoN: I remember that you produced this quotation [from Borel] when we began
to get our [1933] paper into shape . . . The above stages [wherein he had been asking
‘Why use that particular test statistic?’] led up to Borel’s requirement of finding . . .
a criterion which was “a function of the observations ‘en quelque sorte remarqu-
able’”. Now my point is that you and I (perhaps my first leading) had ourselves
reached the Borel requirement independently of Borel, because we were serious
humane thinkers; Borel’s expression neatly capped our own. (pp. 966-7)

Fade to black. End play.

Egon has the habit of leaving tantalizing claims unpacked, and this is no
exception: What exactly is the Borel requirement he thinks they’d reached due
to their being “serious humane thinkers”? I can well imagine turning this
episode into something like Michael Frayn’s expressionist play, Copenhagen,
wherein a variety of alternative interpretations are entertained based on sub-
sequent work and remarks. I don’t say that a re-run would enjoy a long life on
Broadway, but a small handful of us would relish it.

Inferential Rationales for Test Requirements

It’s not hard to see that “as far as a particular” star grouping is concerned, we
cannot expect a reliable inference to just any non-chance effect discovered in
the data. The more specific the feature is to these particular observations, the
more improbable. What’s the probability of three hurricanes followed by two
plane crashes? To cope with the fact that any sample is improbable in some
respect, statistical methods do one of two things: appeal to prior probabilities
or to error probabilities of a procedure. The former can check our tendency to
find a more likely explanation H' than chance by an appropriately low prior
weight to H'. The latter says, we need to consider the problem as of a general
type. It’s a general method, from a test statistic to some assertion about an
alternative hypothesis, expressing the non-chance effect. Such assertions may
be in error but we can control such erroneous interpretations.

Isn’t this taken care of by Fisher’s requirement that Pr(P < pgo; Hy) = Py — that
the test rarely rejects the null if true? It may be, in practice, Neyman and
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Pearson thought, but only with certain conditions that were not explicitly
codified by Fisher’s simple significance tests. With just the null hypothesis, it is
unwarranted to take low P-values as evidence for a specific “cause” or non-
chance explanation. A statistical effect, even if genuine, underdetermines its
explanation; several rivals can be erected post-data, but the ways they could be
in error would not have been probed. The fallacy of rejection looms.
Fisher (1935a, p. 187) is well aware that “the same data may contradict the
hypothesis in any of a number of different ways,” and that different corre-
sponding tests would be used.

The notion that different tests of significance are appropriate to test different features
of the same null hypothesis presents no difficulty to workers engaged in practical
experimentation. ... [T]he experimenter ... is aware of what observational
discrepancy it is which interests him, and which he thinks may be statistically
significant, before he enquires what test of significance, if any, is available
appropriate to his needs. (ibid., p. 190)

Even if “an experienced experimenter” knows the appropriate test, this doesn’t
lessen the importance of N-P’s interest in seeking to identify a statistical
rationale for the choices made on informal grounds. There’s legitimate con-
cern about selecting the alternative that gives the more impressive P-value.

Here’s Pearson writing with C. Chandra Sekar on testing if a sample has been
drawn from a single Normal population:

... itis not possible to devise an efficient test if we only bring into the picture this single
normal probability distribution with its two unknown parameters. We must also ask
how sensitive the test is in detecting failure of the data to comply with the hypotheses
tested, and to deal with this question effectively we must be able to specify the directions
in which the hypothesis may fail. (Pearson and Chandra Sekar 1936, p. 121)

And while:

It is sometimes held that the appropriate test can be chosen after examining the data.
[but it will be hard to be unprejudiced at this point]. (ibid., p. 127)

Their position is:

To base the choice of the test of a statistical hypothesis upon an inspection of the
observations is a dangerous practice; a study of the configuration of a sample is almost
certain to reveal some feature, or features, which are exceptions if the hypothesis is
true ... By choosing the feature most unfavourable to Hj out of a very large number of
features examined it will usually be possible to find some reason for rejecting the
hypothesis. It must be remembered, however, that the point now at issue will not be
whether it is exceptional to find a given criterion with so unfavourable a value. We shall
need to find an answer to the more difficult question. Is it exceptional that the most
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unfavourable criterion of the n, say, examined should have as unfavourable a value as
this? (ibid., p. 127)

In short, we’d have to adjust the attained P-value. In so doing, the goal is not
behavioristic but avoiding glaring fallacies in the test at hand, fallacies we know
all too well.

The statistician who does not know in advance with which type of alternative to H, he may
be faced, is in the position of a carpenter who is summoned to a house to undertake a job
of an unknown kind and is only able to take one tool with him! Which shall it be? Even if
there is an ‘omnibus’ tool, it is likely to be far less sensitive at any particular job than
a specialized one; but the specialized tool will be quite useless under the wrong conditions.
(ibid., p. 126)

Neyman (1952) demonstrates that choosing the alternative post-data allows
a result that leads to rejection in one test to yield non-rejection in another,
despite both adhering to a fixed significance level. (Fisher concedes this as
well.) If you are keen to ensure the test is capable of teaching about discre-
pancies of interest, you should prespecify an alternative hypothesis, where the
null and alternative hypothesis exhaust the space, relative to a given question.

The Deconstruction So Far

If we accept the words, “an efficient test of the hypothesis H” to mean
a statistical (methodological) falsification rule that controls the probabilities
of erroneous interpretations of data, and ensures the rejection was because of
the underlying cause (as modeled), then we agree with Borel that efficient tests
are possible. This requires (i) a prespecified test criterion to avoid verification
biases while ensuring power (efficiency), and (ii) consideration of alternative
hypotheses to avoid fallacies of acceptance and rejection. We should steer away
from isolated or particular curiosities to those that are tracking genuine effects.
Fisher is to be credited, Pearson remarks, for his “emphasis on planning an
experiment, which led naturally to the examination of the power function,
both in choosing the size of sample so as to enable worthwhile results to be
achieved, and in determining the most appropriate tests” (Pearson 1962,
p- 277). If you’re planning, you're prespecifying, perhaps, nowadays, by explicit
preregistration.

“We agree also that not any character, x, whatever is equally suitable to be
a basis for an efficient test (Neyman and Pearson 1933, p. 142).” The test
“criterion should be a function of the observations,” and the alternatives, such
that there is a known statistical relationship between the characteristic of the
data and the underlying distribution (Neyman 1977, p. 103). It must enable the
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error probabilities to be computed under the null and also under discrepancies
from the null, despite any unknown parameters.

An exemplary characteristic of this sort is the remarkable properties offered
by pivotal test statistics such as Z or T, whose distributions are known:

Z=\n(X —pu)/o,

T =Vn(X — /s,

Z has the standard Normal distribution, and T the Student’s t distribution,
where ¢ is unknown and thus replaced by the estimator.

1 & .
n—1 ;(xi —%)
Consider the pivot Z. The probability Z > 1.96 is 0.025. But by pivoting, the
Z > 1.96 is equivalent to

p< X —1.960/\n,

so it too has probability 0.025. Therefore, the procedure that asserts
#> X —1.96 0/\n asserts correctly 95% of the time!*> We can make valid
probabilistic claims about the method that holds post-data, if interpreted
correctly. For the severe tester, these also inform about claims that are well
and poorly tested (Section 3.7). This leads us on a side trip to Fisher’s fiducial
territory (Section 5.8), and the initial development of the behavioral perfor-
mance idea. First, let’s trace some of the ways our miserable citation has been
interpreted by contemporaries.

The Miserable Passage in the Hands of Contemporaries

Without hoping to know whether each separate hypothesis is true or false, we
may search for rules to govern our behavior with regard to them, in following
which we insure that, in the long run of experience, we shall not be too often
wrong (Neyman and Pearson 1933, p. 142)

Ian Hacking. According to Ian Hacking (1965) this passage shows that
Neyman and Pearson endorse something “more radical than anything I have
mentioned so far” (p. 103). What they are saying is that “there is no alternative
to certainty and ignorance” (p. 104). If probability only applies to the rule’s
long-run error control, Hacking is saying in 1965, it’s not an account of
inductive inference. This is precisely what he comes to deny in his 1980
“retraction” (Section 2.1 Exhibit (iii)), but here he’s leading the posse in

% To get a fiducial distribution, the case has to be continuous.



CTOOLSWMS/CUP-NEW/1 4095598 WORKINGFOLDERMAYOS st ioTisisctasn 379 [371-392) 31.7.2018
1:14PM

Tour I1l: Deconstructing the N-P versus Fisher Debates 379

philosophy toward the most prevalent view, even though it comes in different
forms.

Isaac Levi. Isaac Levi (1980, p. 404), reacting to Hacking (1965) claims
“Hacking misinterprets these remarks [in our passage] when he attributes
to Neyman and Pearson the view that ‘there is no alternative to certainty or
ignorance.” Even N-P allow intermediate standpoints when legitimate prior
probabilities are available. Finding them to be so rarely available, N-P were
led to methods whose validity would not depend on priors. Except for such
cases, Levi concurs with the early Hacking, that N-P deny evidence alto-
gether. According to Levi, N-P are “objectivist necessitarians” who stake out
a rather robotic position: tests only serve as routine programs for “selecting
policies rather than using such reports as evidence” (ibid., p. 408). While this
might be desirable in certain contexts, Levi objects, “this does not entitle
objectivist necessitarians to insist that rational agents should always assess
benefits in terms of the long run nor to favor routinization over deliberation”
(ibid.).

These construals by philosophers made sense in the context of seeking an
inductive logic that would assign a degree of rational belief, support or
confirmation to statistical hypotheses. N-P opposed such a view. Their atti-
tude is, we’re just giving examples to illustrate and capsulize a rationale to
underwrite the tests chosen on intuitive grounds. Even in Neyman-Pearson
(1928):

[TThe tests should only be regarded as tools which must be used with discretion and
understanding, and not as instruments which in themselves give the final verdict. . . . we
must not discard the original hypothesis until we have examined the alternative
suggested, and have satisfied ourselves that it does involve a change in the real
underlying factors in which we are interested . .. that the alternative hypothesis is not
error in observation, error in record, variation due to some outside factor that it was
believed had been controlled, or to any one of many causes . .. (p. 58)

In the 1933 paper, they explicitly distinguish their account from contexts
where values enter other than controlling erroneous interpretations of data:
“[I]tis possible that other conceptions of relative value may be introduced. But
the problem is then no longer the simple one of discriminating between
hypotheses” (1933, p. 148).

Howson and Urbach. Howson and Urbach interpret this same passage in
yet another, radical manner. They regard it as “evident” that for Neyman and
Pearson, acceptance and rejection of hypotheses is “the adoption of the same
attitude towards them as one would take if one had an unqualified belief in
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their truth or falsehood” (1993, p. 204), putting up “his entire stock of worldly
goods” upon a single statistically significant result (p. 203). Even on the
strictest behavioristic formulation, “to accept a hypothesis H means only
to decide to take action A rather than action B” (Neyman 1950, p. 259).
It could be “decide” to declare the study unreplicable, publish a report, tell
a patient to get another test, announce a genuine experimental effect, or
whatever. A particular action always had to be spelled out, it was never to
take any and all actions as if you had “unqualified belief.”

Neyman, not Pearson, is deemed the performance-oriented one, but even he
used conclude and decide interchangeably:

The analyses we performed led us to ‘conclude’ or ‘decide’ that the hypotheses tested
could be rejected without excessive risk of error. In other words, after considering
the probability of error (that is, after considering how frequently we would be in error
if in conditions of our data we rejected the hypotheses tested), . .. we decided to act on
the assumption (or concluded) that the two groups are not random samples from the
same population. (1976, 750-1; the emphasis is Neyman’s)

What would make the reading closer to severity than performance is for
the error probability to indicate what would/would not be a warranted
cause of the observations. It’s important, too, to recognize Neyman’s view
of inquiry: “A study of any serious substantive problem involves a sequence
of incidents at which one is forced to pause and consider what to do next.
In an effort to reduce the frequency of misdirected activities one uses
statistical tests” (1976, p. 737). Rather than a series of unrelated tests,
a single inquiry involves numerous piecemeal checks, and the error control
promotes the “lift-off.” Mistakes in one part ramify in others so as to check
the overall inference. Even if Neyman wasn’t consciously aware of the
rationale behind tests picked out by these concerns, they still may be
operative.

In his 1980 retraction, Hacking, following Peirce, denies there’s a logic of
statistical inference explaining it was a false analogy with deduction that led
everyone to suppose the probability is to be assigned to the conclusion rather
than to the overall method (Section 2.1). We should all be over that discredited
view by now.

Elliott Sober. Our passage pops up in Elliott Sober, who combines the more
disconcerting aspects of earlier interpretations. According to Sober (2008,
p- 7), “Neyman and Pearson think of acceptance and rejection” as acts that
should only “be regulated by prudential considerations, not by ‘evidence,
which, for them, is a will o’ the wisp ... There is no such thing as allowing
‘evidence’ to regulate what we believe. Rather, we must embrace a policy and
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stick to it.” Sober regards this as akin to Pascal’s theological argument for
believing in God, declaring, “Pascal’s concept of prudential acceptance lives on
in frequentism” (ibid.).

I don’t think it’s plausible to read Neyman and Pearson, their theory or their
applications, and come away with the view they are denying such a thing as
evidence. Continuing in the paper critics love to cite: N-P 1933:

We ask whether the variation in a certain character may be considered as following the
normal law; ... whether regression is linear; whether the variance in a number of
samples differs significantly. ... [W]e are not concerned with the exact value of
particular parameters, but seek for information regarding the conditions and factors
controlling the events. (ibid., p. 145)

Plainly, using data to obtain information regarding factors controlling events is
indicative of using data as evidence. What goes under the banner of reliabilism
in epistemology is scarcely different from what N-P offer for statistics: a means
of arriving at a measurement through a procedure that is rarely wrong and, if
wrong, is not far wrong, with mistakes likely discovered in later probes.

I could multiply ad nauseum similar readings of this passage. By the
time statistician Robert Kass (2011, p. 8) gets to it, the construal is so hardened
he doesn’t even need to provide a reference:

We now recognize Neyman and Pearson to have made permanent, important
contributions to statistical inference through their introduction of hypothesis testing
and confidence. From today’s vantage point, however, their behavioral interpretation
seems quaint, especially when represented by their famous dictum,

at which point our famous passage appears. I can see rejecting the extreme
behavioristic view, but am not sure why Kass calls it “quaint” for an account to
control error probabilities. I thought he (here and in Brown and Kass 2009)
was at pains to insist on performance characteristics, declaring even Bayesians
need them. I return to Kass in Excursion 6. At least he does not try to stick
them with Pascal’s wager!

Let’s grant for the sake of argument that Neyman became a full blown
behaviorist and thought the only justification for tests was low errors in the
long run. Pearson absolutely disagreed. What’s interesting is this. In the con-
text of why Neyman regards the Bertrand-Borel debate as having “served as an
inspiration to Egon S. Pearson and myself,” the relevance of error probabilities
is not hard to discern. Why report what would happen in repetitions were
outcome x to be taken as indicating claim C? Because it’s the way to design
stringent tests and make probability claims pre-data that are highly informa-
tive post-data as to how well tested claims are.
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5.8 Neyman'’s Performance and Fisher’s Fiducial Probability

Many say fiducial probability was Fisher’s biggest blunder; others suggest it
still hasn’t been understood. Most discussions avoid a side trip to the
Fiducial Islands altogether, finding the surrounding brambles too thorny
to negotiate. I now think this is a mistake, and it is a mistake at the heart of
the consensus interpretation of the N-P vs. Fisher debate. We don’t need to
solve the problems of fiducial inference, fortunately, to avoid taking the
words of the Fisher-Neyman dispute out of context. Although the Fiducial
Islands are fraught with minefields, new bridges are being built connecting
some of the islands to Power Peninsula and the general statistical mainland.

So what is fiducial inference? I begin with Cox’s contemporary treatment,
distilled from much controversy. The following passages swap his upper limit
for the lower limit to keep to the example Fisher uses:

We take the simplest example, . . . the normal mean when the variance is known, but the
considerations are fairly general. The lower limit

X - z.0/\n
derived here from the probability statement
Pr(u>X —zo/Nn) =1—¢

is a particular instance of a hypothetical long run of statements a proportion 1 — ¢ of
which will be true, . . . assuming our model is sound. We can, at least in principle, make
such a statement for each ¢ and thereby generate a collection of statements, sometimes
called a confidence distribution. (Cox 2006a, p. 66; X for Vs X for Y, and z. for k¥

Once ¥ is observed, X — z./\n is what Fisher calls the fiducial ¢ percent limit
for p. It is, of course, the specific 1-c lower confidence interval estimate j1, (%)
(Section 3.7).

Here’s Fisher in the earliest paper on fiducial inference in 1930. He sets
1 — cas 0.95. Starting from the significance test of a specific y, he identifies
the corresponding 95 percent value X g5, such that in 95% of samples
X < X 5. In the normal testing example, X g5 = y + 1.650/\/11. Notice X o5
is the cut-off for a 0.05 one-sided test T+ (of p < pq vs. g > po).

[W]e have a relationship between the statistic [X] and the parameter g, such that [¥ os] is
the 95 per cent. value corresponding to a given y, and this relationship implies the
perfectly objective fact that in 5 per cent. of samples [X > Xgs. That is,
Pr(X <y + 1.650/\n) = 0.95] (Fisher 1930, p. 533; substituting y for 6 and X for T.)

X > X5 occurs whenever y < X — 1.650/Vn the generic ji o(X). For
a particular observed X, X — 1.650/\n is the “fiducial 5 per cent. value of y.”
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We may know as soon as X is calculated what is the fiducial 5 per cent. value of y, and
that the true value of ¢ will be less than this value in just 5 per cent. of trials. This then is
a definite probability statement about the unknown parameter y which is true
irrespective of any assumption as to its a priori distribution. (ibid.)?

This seductively suggests y < ji os(X) gets the probability 0.05 - a fallacious
probabilistic instantiation.

However, there’s a kosher probabilistic statement about X, it’s just not
a probabilistic assignment to a parameter. Instead, a particular substitution
is, to paraphrase Cox, “a particular instance of a hypothetical long run of
statements 95% of which will be true.” After all, Fisher was abundantly clear
that the fiducial bound should not be regarded as an inverse inference to
a posterior probability. We could only obtain an inverse inference by con-
sidering y to have been selected from a superpopulation of y’s, with known
distribution. The posterior probability would then be a deductive inference
and not properly inductive. In that case, says Fisher, we’re not doing inverse or
Bayesian inference.

In reality the statements with which we are concerned differ materially in logical
content from inverse probability statements, and it is to distinguish them from these
that we speak of the distribution derived as a fiducial frequency distribution, and of the
working limits, at any required level of significance, . . . as the fiducial limits at this level.
(Fisher 1936, p. 253)

So, what is being assigned the fiducial probability? It’s the method of reaching
claims to which the probability attaches. This is even clearer in his 1936
discussion where ¢ is unknown and must be estimated. Because X and
S (using the Student’s t pivot) are sufficient statistics “we may infer, without
any use of probabilities a priori, a frequency distribution for g which shall
correspond with the aggregate of all such statements . . . to the effect that the
probability y is less than ¥ — 2.145s/Vn is exactly one in forty” (ibid., p. 253).
This uses Student’s t distribution with n = 15. It’s plausible, at that point, to
suppose Fisher means for X to be a random variable.

Suppose you're Neyman and Pearson working in the early 1930s aiming to
clarify and justify Fisher’s methods. ‘T see what’s going on,” we can imagine
Neyman declaring. There’s a method for outputting statements such as would
take the general form

p>X —2.1455/Vn.

Some would be in error, others not. The method outputs statements with
a probability (some might say a propensity) of 0.975 of being correct. “We may

* It’s correct that (u<X — z, 0/\/11) iff X >u+ zca/\/n).
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look at the purpose of tests from another viewpoint™: probability ensures us of
the performance of a method (it’s methodological).

At the time, Neyman thought his development of confidence intervals (in
1930) was essentially the same as Fisher’s fiducial intervals. There was evidence
for this. Recall the historical side trip of Section 3.7. When Neyman gave
a (1934) paper to the Royal Statistical Society discussing confidence intervals,
seeking to generalize fiducial limits, he made it clear that the term confidence
coeficient refers to “probability of our being right when applying a certain
rule” for making statements set out in advance (p. 140). Much to Egon
Pearson’s relief, Fisher called Neyman’s generalization “a wide and very
handsome one,” even though it didn’t achieve the uniqueness Fisher had
wanted (Fisher 1934c, p. 137). There was even a bit of a mutual admiration
society, with Fisher saying “Dr Neyman did him too much honour” in credit-
ing him for the revolutionary insight of Student’s t pivotal, giving the credit to
Student. Neyman (1934, p. 141) responds that of course in calling it Student’s
t he is crediting Student, but “this does not prevent me from recognizing and
appreciating the work of Professor Fisher concerning the same distribution.”

In terms of our famous passage, we may extract this reading: In struggling to
extricate Fisher’s fiducial limits, without slipping into fallacy, they are led to the
N-P construal. Since fiducial probability was to apply to significance testing as
well as estimation, it stands to reason that the performance notion would find
its way into the N-P 1933 paper.* So the error probability applies to the
method, but the question is whether it’s intended to qualify a given inference,
or only to express future long-run assurance (performance).

N-P and Fisher Dovetail: It's Interpretation, not Mathematics

David Cox shows that the Neyman-Pearson theory of tests and confidence
intervals arrive at the same place as the Fisherian, even though in a sense they
proceed in the opposite direction. Suppose that there is a full model covering
both null and alternative possibilities. To establish a significance test, we need
to have an appropriate test statistic d(X) such that the larger the d(X) the
greater the discrepancy with the null hypothesis in the respect of interest. But
it is also required that the probability distribution of d(X) be known under
the assumption of the null hypothesis. In focusing on the logic, we’ve mostly

* “[Clonsider that variation of the unknown parameter, 4, generates a continuum of hypotheses
each of which might be regarded as a null hypothesis . .. [T]he data of the experiment, and the
test of significance based upon them, have divided the continuum into two portions.” One
aregion in which y lies between the fixed fiducial limits, “is accepted by the test of significance, in
the sense that values of y within this region are not contradicted by the data at the level of
significance chosen. The remainder... is rejected” (Fisher 1935a, p. 192).
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considered just one unknown parameter, e.g., the mean of a Normal dis-
tribution. In most realistic cases there are additional parameters required to
compute the P-value, sometimes called “nuisance” parameters A, although
they are just as legitimate as the parameter we happen to be interested in.
We’d like to free the computation of the P-value from these other unknown
parameters. This is the error statistician’s way to ensure as far as possible that
observed discordances may be blamed on discrepancies between the null and
what’s actually bringing about the data. We want to solve the classic
Duhemian problems of falsification.

As Cox puts it, we want a test statistic with a distribution that is split off
from the unknown nuisance parameters, which we can abbreviate as A.
The full parameter space © is partitioned into components ® = (y, 1), such
that the null hypothesis is that ¢ = y,, with A an unknown nuisance para-
meter. Interest may focus on alternatives ¥ > ,. We do have information in
the data about the unknown parameters, and the natural move is to estimate
them using the data. The twin goals of computing the P-value, Pr(d > do; Hy),
free of unknowns, and constructing tests that are appropriately sensitive,
produce the same tests entailed by N-P theory, namely replacing the nuisance
parameter by a sufficient statistic V. A statistic V, a sufficient statistic for
nuisance parameter A, means that the probability of the d(X) conditional on
the estimate V depends only on the parameter of interest y,. So we are back
to the simple situation with a null having just a single parameter y. This
“largely determines the appropriate test statistic by the requirement of
producing the most sensitive test possible with the data at hand” (Cox
and Mayo 2010, p. 292). Cox calls this “conditioning for separation from
nuisance parameters” (ibid.). I draw from Cox and Mayo (2010).

In the most familiar class of cases, this strategy for constructing appropri-
ately sensitive or powerful tests, separate from nuisance parameters, produces
the same tests as N-P theory. In fact, when statistic V is a special kind of
sufficient statistic for nuisance parameter A (called complete), there is no other
way of achieving the N-P goal of an exactly a-level test that is fixed regardless of
nuisance parameters — these are called similar tests.” Thus, replacing the
nuisance parameter with a sufficient statistic “may be regarded as an out-
growth of the aim of calculating the relevant P-value independent of
unknowns, or alternatively, as a byproduct of seeking to obtain most powerful

> The goal of exactly similar tests leads to tests that ensure
Pr(d(X) is significant at level a|v; Hp) =

where v is the value of the statistic V used to estimate the nuisance parameter. A good summary
may be found in Lehmann (1981).
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similar tests.” These dual ways of generating tests reveal the underpinnings of
a substantial part of standard, elementary statistical methods, including key
problems about Binomial, Poisson, and Normal distributions, the method of
least squares, and linear models.® (ibid., p- 293)

If you begin from the “three steps” in test generation described by E. Pearson
in the opening to Section 3.2, rather than the later N-P-Wald approach, they’re
already starting from the same point. The only difference is in making the
alternative explicit. Fisher (1934b) made the connection to the N-P (1933)
result on uniformly most powerful tests:

... where a sufficient statistic exists, the likelihood, apart from a factor independent of
the parameter to be estimated, is a function only of the parameter and the sufficient
statistic, explains the principal result obtained by Neyman and Pearson in discussing
the efficacy of tests of significance. Neyman and Pearson introduce the notion that any
chosen test of a hypothesis Hy is more powerful than any other equivalent test, with
regard to an alternative hypothesis H;, when it rejects Hy in a set of samples having an
assigned aggregate frequency ¢ when Hj is true, and the greatest possible aggregate
frequency when H, is true. .. (pp. 294-5)

It is inevitable, therefore, that if such a statistic exists it should uniquely define the
contours best suited to discriminate among hypotheses differing only in respect of this
parameter; . .. When tests are considered only in relation to sets of hypotheses specified
by one or more variable parameters, the efficacy of the tests can be treated directly as the
problem of estimation of these parameters. Regard for what has been established in that
theory, apart from the light it throws on the results already obtained by their own
interesting line of approach, should also aid in treating the difficulties inherent in cases
in which no sufficient statistics exists. (ibid., p. 296)

This article may be seen to mark the point after which Fisher’s attitude changes
because of the dust-up with Neyman.

Neyman and Pearson come to Fisher's Rescue

Neyman and Pearson entered the fray on Fisher’s side as against the old guard
(led by K. Pearson) regarding the key point of contention: showing statistical
inference is possible without the sin of “inverse inference”. Fisher denounced
the principle of indifference: “We do not know the function . .. specifying the
super-population, but in view of our ignorance of the actual values of 6 we
may” take it that all values are equally probable (Fisher 1930, p. 531). “[B]ut

¢ Requiring exactly similar rejection regions, “precludes tests that merely satisfy the weaker
requirement of being able to calculate P approximately, with only minimal dependence on
nuisance parameters,” which could be preferable especially when best tests are absent. (Ibid.)
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however we might disguise it, the choice of this particular a priori distribution
for the 0 is just as arbitrary as any other. ..” (ibid.).

If, then, we follow writers like Boole, Venn, ... in rejecting the inverse argument as
devoid of foundation and incapable even of consistent application, how are we to avoid
the staggering falsity of saying that however extensive our knowledge of the values of
x ... we know nothing and can know nothing about the values of 67 (ibid.)

When Fisher gave his paper in December 1934 (“The Logic of Inductive
Inference”), the old guard were ready with talons drawn to attack his ideas,
which challenged the overall philosophy of statistics they embraced.
The opening thanks (by Arthur Bowley), which is typically a flowery, flattering
affair, was couched in scathing, sarcastic terms (see Fisher 1935b, pp. 55-7).
To Fisher’s support came Egon Pearson and Jerzy Neyman. Neyman dismissed
“Bowley’s reaction to Fisher’s critical review of the traditional view of statistics
as an understandable attachment to old ideas (1935, p. 73)” (Spanos 2008b, p.
16). Fisher agreed: “However true it may be that Professor Bowley is left very
much where he was, the quotations show at least that Dr. Neyman and myself
have not been left in his company” (1935a, p. 77).

So What Happened in 1935?

A pivotal event was a paper Neyman gave in which he suggested a different way
of analyzing one of Fisher’s experimental designs. Then there was a meet-up in
the hallway a few months later. Fisher stops by Neyman’s office at University
College, on his way to a meeting which was to decide on Neyman’s reappoint-
ment in 1935:

And he said to me that he and I are in the same building ... That, as I know, he has
published a book - and that’s Statistical Methods for Research Workers — and he is
upstairs from me so he knows something about my lectures - that from time to time
I mention his ideas, this and that — and that this would be quite appropriate if T were not
here in the College but, say, in California ... but if I am going to be at University
College, then this is not acceptable to him. And then I said, ‘Do you mean that if I am
here, I should just lecture using your book?” And then he gave an affirmative answer. . ..
And I said, ‘Sorry, no. I cannot promise that.” And then he said, ‘Well, if so, then from
now on I shall oppose you in all my capacities.” And then he enumerated - member of
the Royal Society and so forth. There were quite a few. Then he left. Banged the door.
(Neyman in C. Reid 1998, p. 126)

Imagine if Neyman had replied: T'd be very pleased to use Statistical Methods for
Research Workers in my class.” Or what if Fisher had said: ‘Of course you’ll want
to use your own notes in your class, but I hope you will use a portion of my text
when mentioning some of its key ideas.’ Never mind. That was it. Fisher went on
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to a meeting wherein he attempted to get others to refuse Neyman a permanent
position, but was unsuccessful. It wasn’t just Fisher who seemed to need some
anger management training, by the way. Erich Lehmann (in conversation and in
2011) points to a number of incidences wherein Neyman is the instigator of
gratuitous ill-will. T find it hard to believe, however, that Fisher would have
thrown Neyman’s wooden models onto the floor.

One evening, late that spring, Neyman and Pearson returned to their department after
dinner to do some work. Entering they were startled to find strewn on the floor the
wooden models which Neyman had used to illustrate his talk ... Both Neyman and
Pearson always believed that the models were removed by Fisher in a fit of anger
(C. Reid 124, noted in Lehmann 2011, p. 59).

Neyman left soon after to start the program at Berkeley (1939), and Fisher
didn’t remain long either, moving in 1943 to Cambridge and retiring in 1957 to
Adelaide. T've already been disabusing you of the origins of the popular
Fisher-N-P conflict (Souvenir L). In fact, it really only made an appearance
long after the 1933 paper!

1955-6 Triad: Telling What's True About the Fisher-Neyman Conflict

If you want to get an idea of what transpired in the ensuing years, look at
Fisher’s charges and Neyman’s and Pearson’s responses 20 years later. This
forms our triad: Fisher (1955), Pearson (1955), and Neyman (1956). Even at
the height of mudslinging, Fisher said, “There is no difference to matter in
the field of mathematical analysis ... but in logical point of view” (1955,
p- 70).

I owe to Professor Barnard .. . the penetrating observation that this difference in point
of view originated when Neyman, thinking he was correcting and improving my own
early work on tests of significance as a means to the ‘improvement of natural
knowledge,’ in fact reinterpreted them in terms of that technological and commercial
apparatus which is known as an acceptance procedure. . .. Russians are made familiar
with the ideal that research in pure science can and should be geared to technological
performance. (ibid., pp. 69-70)

Pearson’s (1955) response: “To dispel the picture of the Russian technolo-
gical bogey, I might recall how certain early ideas came into my head as I sat on
a gate overlooking an experimental blackcurrant plot ...!” (Pearson 1955,
p- 204). He was “smitten” by an absence of logical justification for some of
Fisher’s tests, and turned to Neyman to help him solve the problem. This takes
us to where we began with our miserable passages, leading them to pin down
the required character for the test statistic, the need for the alternative and
power considerations.
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Until you disinter the underlying source of the problem - fiducial inference -
the “he said/he said” appears to be all about something that it’s not. The reason
Neyman adopts a performance formulation, Fisher (1955) charges, is that he
denies the soundness of fiducial inference. Fisher thinks Neyman is wrong
because he “seems to claim that the statement (a) ‘u has a probability of
5 per cent. of exceeding X’ is a different statement from (b) X has
7 (p. 74, replacing 0 and T
with 4 and X). There’s no problem about equating these two so long as X is
arandom variable. But watch what happens in the next sentence. According to
Fisher, Neyman violates

a probability of 5 per cent. of falling short of u

... the principles of deductive logic [by accepting a] general symbolical statement such
as

NPr{(x—ts) <pu<(x—ts)} = a,
as rigorously demonstrated, and yet, when numerical values are available for the
statistics X¥ and s, so that on substitution of these and use of the 5 per cent. value of ¢,
the statement would read

[2] Pr {92.99 < p < 93.01} = 95 per cent.,
to deny to this numerical statement any validity. This evidently is to deny the syllogistic
process. (Fisher 1955, p. 75, in Neyman 1956, p. 291)

But the move from (1) to (2) is fallacious! Is Fisher committing this fallacious
probabilistic instantiation (and still defending it in 1955)? I. J. Good describes
how many felt, and still feel:

It seems almost inconceivable that Fisher should have made the error which he did in
fact make. [That is why] . .. so many people assumed for so long that the argument was
correct. They lacked the daring to question it. (Good 1971a, p. 138).

Neyman (1956) declares himself at his wit’s end in trying to convince Fisher
of the inconsistencies in moving from (1) to (2). “Thus if X is a normal random
variable with mean zero and an arbitrary variance greater than zero, then
I expect” we may agree that Pr(X < 0) = 0.5 (ibid., p. 292). But observing, say,
X = 1.7 yields Pr(1.7 < 0) = 0.5, which is clearly illicit. “It is doubtful whether
the chaos and confusion now reigning in the field of fiducial argument were
ever equaled in any other doctrine. The source of this confusion is the lack of
realization that equation (1) does not imply (2)” (ibid., p. 293). It took the more
complex example of Bartlett to demonstrate the problem: “Bartlett’s revelation
[1936, 1939] that the frequencies in repeated sampling [from the same or
different populations] need not agree with Fisher’s solution” in the case of
a difference between two Normal means with different variances, “brought
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about an avalanche of rebuttals by Fisher and by Yates” (ibid., p. 292).” Some
think it was only the collapse of Fisher’s rebuttals that led Fisher to castigate
N-P for assuming error probabilities and fiducial probabilities ought to agree,
and begin to declare the idea “foreign to the development of tests of signifi-
cance.” As statistician Sandy Zabell (1992 p. 378) remarks, “such a statement is
curiously inconsistent with Fisher’s own earlier work” as in Fisher’s (1934b)
endorsement of UMP tests, and his initial attitude toward Neyman’s confi-
dence intervals. Because of Fisher’s stubbornness “he engaged in a futile and
unproductive battle with Neyman which had a largely destructive effect on the
statistical profession” (ibid., p. 382).%

Fisher (1955) is spot on about one thing: When “Neyman denies the
existence of inductive reasoning, he is merely expressing a verbal preference.
For him ‘reasoning’ means what ‘deductive reasoning’ means to others”
(p. 74). Nothing earth-shaking turns on the choice to dub every inference
“an act of making an inference.” Neyman, much like Popper, had a good
reason for drawing a bright red line between the use of probability (for
corroboration or probativeness) and the probabilists’ use of confirmation:
Fisher was blurring them.

... the early term I introduced to designate the process of adjusting our actions to
observations is ‘inductive behavior’. It was meant to contrast with the term ‘inductive
reasoning’ which R. A. Fisher used in connection with his ‘new measure of confidence
or diffidence’ represented by the likelihood function and with ‘fiducial argument’. Both
these concepts or principles are foreign to me. (Neyman 1977, p. 100)

The Fisher-Neyman dispute is pathological: there’s no disinterring the truth
of the matter. Perhaps Fisher altered his position out of professional antagon-
isms toward the new optimality revolution. Fisher’s stubbornness on fiducial
intervals seems to lead Neyman to amplify the performance construal louder
and louder; whereas Fisher grew to renounce performance goals he himself
had held when it was found that fiducial solutions disagreed with them.
Perhaps inability to identify conditions wherein the error probabilities “rubbed
oft” — where there are no “recognizable subsets” with a different probability of
success — led Fisher to move to a type of default Bayesian stance. That Neyman
(with the contributions of Wald, and later Robbins) might have gone over-
board in his behaviorism, to the extent that even Egon wanted to divorce him -
ending his 1955 reply to Fisher with the claim that “inductive behavior” was

7 In that case, “the test rejects a smaller proportion of such repeated samples than the proportion
specified by the level of significance” (Fisher 1939, p. 173a). Prakash Gorroochurn (2016) has a
masterful historical discussion.

8 Buehler and Feddersen (1963) showed there were recognizable subsets even for the t test.
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Neyman’s field, not his - is a different matter. Ironically, Pearson shared
Neyman’s antipathy to “inferential theory” as Neyman (1962) defines it in
the following:

In the present paper ... the term ‘inferential theory ... will be used to describe the
attempts to solve the Bayes’ problem with a reference to confidence, beliefs, etc., through
some supplementation ... either a substitute a priori distribution [exemplified by the so
called principle of insufficient reason] or a new measure of uncertainty [such as Fisher’s
fiducial probability] (p. 16).

Fisher may have started out seeing fiducial probability as both a frequency of
correct claims in an aggregate, and a rational degree of belief (1930, p. 532), but
the difficulties in satisfying uniqueness led him to give up the former. Fisher
always showed inductive logic leanings, seeking a single rational belief assign-
ment. N-P were allergic to the idea. In the N-P philosophy, if there is
a difference in problems or questions asked, we expect differences in which
solutions are warranted. This is in sync with the view of the severe tester. In this
sense, she is closer to Fisher’s viewing the posterior distribution to be an
answer to a different problem from the fiducial limits, where we expect the
sample to change (Fisher 1930, p. 535).

Bridges to Fiducial Island: Neymanian Interpretation of Fiducial
Inference?

For a long time Fiducial Island really was an island, with work on it side-
stepped. A notable exception is Donald Fraser. Fraser will have no truck with
those who dismiss fiducial inference as Fisher’s “biggest blunder.” “What?
We still have to do a little bit of thinking! Tough!” (Fraser 2011, p. 330). Now,
however, bridges are being built, despite minefields. Numerous programs are
developing confidence distributions (CDs), and the impenetrable thickets are
being penetrated. The word “fiducial” is even bandied about in these circles.”
Singh, Xie, and Strawderman (2007) say, “a CD is in fact Neymanian interpreta-
tion of Fisher’s fiducial distribution” (p. 132).

“[A]ny approach that can build confidence intervals for all levels, regardless
of whether they are exact or asymptotically justified, can potentially be unified
under the confidence distribution framework” (Xie and Singh 2013, p. 5).
Moreover, “as a frequentist procedure, the CD-based method can bypass
[the] difficult task of jointly modelling [nuisance parameters] and focus
directly on the parameter of interest” (p. 28). This turns on what we’ve been

® Efron predicts “that the old Fisher will have a very good 21st century. The world of applied
statistics seems to need an effective compromise between Bayesian and frequentist ideas” (Efron
1998, p. 112).
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calling the piecemeal nature of error statistics. “The idea that statistical pro-
blems do not have to be solved as one coherent whole is anathema to Bayesians
but is liberating for frequentists” (Wasserman 2007, p. 261).

I'm not in a position to evaluate these new methods, or whether they lend
themselves to a severity interpretation. The CD program does at least seem to
show the wide landscape for which the necessary mathematical computations
are attainable. While CDs do not supply the uniqueness that Fisher sought,
given that a severity assessment is always relative to the question or problem of
interest, this is no drawback. Nancy Reid claims the literature on the new
frequentist—fiducial “fusions” isn’t yet clear on matters of interpretation.'
What is clear, is that the frequentist paradigm is undergoing the “historical
process of development . .. which is and will always go on” of which Pearson
spoke (1962, p. 394).

Back to the ship!

'% The 4th Bayesian, Fiducial and Frequentist workshop (BFF4), May 2017. Other examples are
Fraser and Reid (2002), Hannig (2009), Martin and Liu (2013), Schweder and Hjort (2016).
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