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Abstract The main objective of the paper is to propose a frequentist interpretation
of probability in the context of model-based induction, anchored on the Strong Law
of Large Numbers (SLLN) and justifiable on empirical grounds. It is argued that the
prevailing views in philosophy of science concerning induction and the frequentist
interpretation of probability are unduly influenced by enumerative induction, and the
von Mises rendering, both of which are at odds with frequentist model-based induc-
tion that dominates current practice. The differences between the two perspectives are
brought out with a view to defend the model-based frequentist interpretation of proba-
bility against certain well-known charges, including [i] the circularity of its definition,
[ii] its inability to assign ‘single event’ probabilities, and [iii] its reliance on ‘random
samples’. It is argued that charges [i]–[ii] stem from misidentifying the frequentist
‘long-run’ with the von Mises collective. In contrast, the defining characteristic of the
long-run metaphor associated with model-based induction is neither its temporal nor
its physical dimension, but its repeatability (in principle); an attribute that renders it
operational in practice. It is also argued that the notion of a statistical model can easily
accommodate non-IID samples, rendering charge [iii] simply misinformed.
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1 Introduction

The frequentist approach to statistical modeling and inference (Cox and Hinkley 1974)
has dominated empirical modeling in most applied fields since the 1940s, but a number
of foundational problems relating to its underlying inductive reasoning have bedeviled
and hindered its proper implementation in practice; see Godambe and Sprott (1971),
Harper and Hooker (1976), Morrison and Henkel (1970) inter alia. The philosophy
of science literature has focused primarily on articulating some of these foundational
problems, and highlighting the limited scope and applicability of the frequentist inter-
pretation of probability; see Salmon (1967), Kyburg (1974), Giere (1984), Seidenfeld
(1979) and Gillies (2000). For example, Howson and Urbach (2006) present a grim
picture of frequentist probability:

While the use of the limit definition allows us to regard objective probabilities
as probabilities in the purely formal sense of the probability calculus, it has nev-
ertheless elicited from positivistically-minded philosophers and scientists the
objection that we can never in principle, not just in practice, observe the infinite
n-limits. Indeed, we know that in fact (given certain plausible assumptions about
the physical universe) these limits do not exist. For any physical apparatus would
wear out or disappear long before n got to even moderately large values. So it
would seem that no empirical sense can be given to the idea of a limit of relative
frequencies. (p. 47)

The primary objective of this paper is to defend the frequentist interpretation of
probability for model-based induction against well-known charges, including: [i] the
circularity of its definition, [ii] its inability to assign ‘single event’ probabilities, and
[iii] its reliance on ‘random samples’ (Salmon 1967; Hajek 2007).

The main argument of this paper is that, although charges [i]–[iii] constitute legit-
imate criticisms of enumerative induction anchored on the von Mises ‘collective’,
they are unfounded when leveled against the model-based ‘stable long-run frequen-
cies’ interpretation (Neyman 1952), grounded on the Strong Law of Large Numbers
(SLLN). When enumerative induction and von Mises’s collective (1928) are viewed
from a model-based perspective, several weaknesses become apparent: (i) they are
both based on a highly restrictive statistical model, (ii) identifying the frequentist
‘long-run’ with von Mises’s collective is highly misleading, and (iii) any attempt to
provide a frequentist interpretation of probability using the notion of a collective is
ill-fated for purely mathematical reasons; Williams (2001).

Section 2 presents a brief summary of enumerative induction and the von Mises
frequentist interpretation. Section 3 traces the grounding of the notion of a statistical
model Mθ (x) to axiomatic probability. Section 4 summarizes the Fisher–Neyman–
Pearson (F–N–P) approach to frequentist inference, briefly mentioning some of its
long-standing foundational problems. The error-statistical perspective is presented in
Sect. 5 as a model-based refinement/extension of the F–N–P framework aspiring to
address some of these problems. This perspective is used in Sect. 6 to articulate a frequ-
entist interpretation of probability and address charges [i]–[ii]. This interpretation is
then used in Sect. 7 to bring out the differences between enumerative and model-
based induction with a view to elucidate the nature and justification of model-based
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inference. The same perspective is used in Sect. 8 to revisit charge [iii]. Section 9
attempts to place model-based induction in the context of the broader philosophical
discussions pertaining to the interpretation of probability and the nature of inductive
inference.

2 Enumerative induction and the von Mises frequentist interpretation

Since the 1940s, the philosophy of science literature has called into question the
frequentist interpretation of probability on several grounds by focusing on induction
by enumeration and the Von Mises (1928) frequentist rendering based on the notion
of a collective; see Salmon (1967), Gillies (2000).

Induction by enumeration: if m/n observed A’s are B’s, infer (inductively) that
approximately m/n of all A’s are B’s.

Enumerative induction is widely viewed in philosophy of science as the quintes-
sential form of statistical induction, and Von Mises (1928) frequentist interpretation
of probability as providing the link between the empirical relative frequencies and the
corresponding mathematical probabilities.

The cornerstone of this link is von Mises notion of a collective: an infinite sequence
of outcomes in the context of which each relevant event has a limiting relative fre-
quency that is invariant to place selections. More formally, a collective is an infinite
sequence {xk}∞k=1 of outcomes of 0’s and 1’s, representing the occurrence of event A
[when xk = 1] that satisfies two conditions:

(C) Convergence: lim
n→∞

(
1
n

n∑
k=1

xk

)
= pA,

(R) Randomness: lim
n→∞

(
1
n

n∑
k=1

ϕ(xk)

)
= pA,

(1)

where ϕ(.) is a mapping of admissible place-selection sub-sequences {ϕ(xk)}∞k=1 .

In contrast to the use of enumerative induction in philosophical discussions, practi-
tioners in most applied fields rely on frequentist model-based induction grounded on
the notion of a statistical model Mθ (x), assumed to represent an idealized generating
mechanism that could have given rise to data x0 := (x1, . . . , xn).

The key difference between the two perspectives stems from the nature and justifica-
tion of their inductive premises and the ensuing inferences. Although these differences
will be discussed extensively in what follows, it is important to highlight some of the
crucial points at the outset.

Model-based induction relies on a statistical model Mθ (x) whose inductive
premises are specified in terms of testable probabilistic assumptions pertaining to
a general stochastic process {Xt , t∈N := (1, 2, . . . , n, . . .)} underlying data x0. In
particular, data x0 is viewed as a ‘truly typical’ realization of {Xt , t∈N}, and the
appropriateness of Mθ (x) is empirically justified by testing the ‘typicality’ of x0.

Viewed from this model-based perspective, ‘enumerative induction’ relies on
a simple (implicit) statistical model whose premises are framed in terms of a
priori stipulations like the ‘uniformity of nature’ and the ‘representativeness of the
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sample’ (Skyrms 2000). The von Mises ‘collective’ {xk}∞k=1 represents an infinite real-
ization of a ‘random’ process {Xt , t∈N} that is often identified by the critics of the
frequentist interpretation with the ‘long-run’ metaphor. Such an interpretation is shown
to be inapposite for model-based induction which relies on the ‘typicality’ of the finite
realization x0 := {xk}n

k=1. It is argued that charges [i]–[ii] stem primarily from misat-
tributing to the long-run metaphor a temporal and/or a physical dimension instead of
the ‘repeatability’ of the underlying stochastic mechanism described by Mθ (x).

3 Probabilistic foundations of frequentist model-based inference

In this section an attempt is made to bring out the mathematical foundations of model-
based induction in an effort to contrast it to the von Mises collective and thus set the
stage for revisiting some of the well-known criticisms. A key result is that the notion
of a statistical model in frequentist inference is a purely mathematical construct rooted
in measure theory and needs no interpretation of probability.

3.1 Kolmogorov’s axiomatic formulation of probability

Mathematical probability, as formalized by Kolmogorov (1933), takes the form of a
probability space (�,F, P(.)), where:

(a) � denotes the set of all possible distinct outcomes.
(b) F denotes a set of subsets of �, called events of interest, endowed with the math-

ematical structure of a σ -field, i.e. it satisfies the following conditions: (i) �∈F,

(ii) if A∈ F, then A∈F, (iii) if Ai∈F for i = 1, 2, . . . , n, . . . then
⋃∞

i=1 Ai∈F.

(c) P(.): F → [0, 1] denotes a set function which satisfies the axioms:

[A1] P(�) = 1, for any outcomes set �,

[A2] P(A) ≥ 0, for any event A∈F,
[A3] Countable Additivity. For Ai∈F, i = 1, . . . , n, . . . , such that Ai ∩ A j = ∅,
for all i �= j, i, j = 1, 2, . . . , n, . . . , then P(

⋃∞
i=1 Ai ) = ∑∞

i=1 P(Ai ).

This formalization places probability squarely into the mathematical field of measure
theory concerned more broadly with assigning size, length, content, area, volume, etc.
to sets; see Billingsley (1995).

The probability space (�,F, P(.)) provides an idealized description of the sto-
chastic mechanism that gives rise to the events of interest and related events F [which
is closed under the set theoretic operations of union (∪), intersection (∩) and comple-
mentation (−)], with P(.) assigning probabilities to events in F.

Can the above Kolmogorov formalism be given an interpretation by assigning a
meaning to the primitive term probability? The general thesis concerning the rela-
tionship between mathematics and empirical modeling adopted in this paper has been
articulated by Cramer (1946):

The mathematical theory belongs entirely to the conceptual sphere, and deals
with purely abstract objects. The theory is, however, designed to form a model of
a certain group of phenomena in the physical world, and the abstract objects and

123



Synthese (2013) 190:1555–1585 1559

propositions of the theory have their counterparts in certain observable things,
and relations between things. If the model is to be practically useful, there must
be some kind of general agreement between the theoretical propositions and
their empirical counterparts. (p. 332)

The proposed frequentist interpretation relates to a specific objective: modeling
observable phenomena of interest exhibiting chance regularity patterns, referred to as
stochastic (Spanos 1999). Its primary aim is to facilitate the task of bridging the gap
between stochastic phenomena and the mathematical set up, as well as shed additional
light on model-based inference, including the nature and role of error probabilities in
frequentist induction. It is argued that the proposed frequentist interpretation, not only
achieves this objective, but contrary to the conventional wisdom, the charges of ‘cir-
cularity’, its inability to assign probabilities to ‘single events’, and its reliance on
‘random samples’ are shown to be unfounded.

3.2 Random variables and statistical models

An important extension of the initial Kolmogorov formalism based on (�,F, P(.)) is
the notion of a random variable (r.v.): a real-valued function:

X (.): � → R, such that {X ≤ x}∈F for all x∈R.

That is, X (.) assigns numbers to the elementary events in � in such a way so as to
preserve the original event structure of interest (F). This extension is important for
bridging the gap between the mathematical model (�,F, P(.)) and the observable
stochastic phenomena of interest, because observed data usually come in the form of
numbers on the real line.

The most crucial role of the r.v. X (.) is to transform the original abstract probability
space (�,F, P(.)) into a statistical model Mθ (x) defined on the real line:

(�,F, P(.))
X (.)−→ Mθ (x) = { f (x; θ), θ ∈�}, x ∈R

n
X .

Hence, the notion of probability associated with Mθ (x) in (3) is purely measure-
theoretic and follows directly from the axioms A1–A3 above; see Spanos (1999).

The relevant random variable underlying the traditional frequentist interpretation is
defined by: {X = 1} = A, {X = 0} = A, where A∈F, P(A) = p and P(A) = 1 − p,

which is a Bernoulli (Ber) distributed r.v. The limiting process associated with the
relative frequency interpretation requires ‘repeating the experiment under identical
conditions’, which is framed in the form of an indexed sequence of random variables
(a stochastic process) {Xk, k∈N := (1, 2, . . . n, . . .)} assumed to be IID, i.e. the
statistical model is:

The simple Bernoulli model: Mθ (x) : Xk � BerIID(θ, θ(1−θ)), k∈N. (2)
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In general, the statistical model Mθ (x) is viewed as a parameterization of the sto-
chastic process {Xk,k∈N} whose probabilistic structure is chosen so as to render data
x0 := (x1, . . . , xn) a truly typical realization thereof.

4 The frequentist approach and its problems

Fisher (1922) initiated a change of paradigms in statistics by recasting the then dom-
inating Bayesian-oriented induction by enumeration, relying on large sample size (n)
approximations (Pearson 1920), into a frequentist ‘model-based induction’, relying
on finite sampling distributions, inspired by Gossett (1908) derivation of the Student’s
t distribution for any sample size n > 1. Unlike Karl Pearson who would commence
with data x0 in search of a frequency curve to describe their histogram, he proposed to
begin with (a) a prespecified model (a hypothetical infinite population), and (b) view
x0 as a realization thereof. Indeed, he made the initial choice (specification) of the
prespecified statistical model a response to the question:

Of what population is this a random sample? (Fisher 1922, p. 313), emphasizing
that: the adequacy of our choice may be tested posteriori (ibid., p. 314).

Indeed, Fisher proposed an empirical justification for frequentist probability by
emphasizing the importance of developing goodness-of-fit tests to evaluate the statis-
tical model a posteriori:

The possibility of developing complete and self-contained tests of goodness of
fit deserves very careful consideration, since therein lies our justification for the
free use which is made of empirical frequency formulae. (Fisher 1922, p. 314)

It should be noted that in the early 1920s the only Mis-Specification (M-S) test
available was Pearson’s chi-square test, which was duly employed by Fisher (1925a)
to test, not only the Normality, but also the IID assumptions for discrete data. Since
then numerous M-S tests have been added in the statistics literature.

The notions (a)–(b) have been formalized in purely probabilistic terms to define
the concept of a (parametric) statistical model:

Mθ (x) = { f (x; θ), θ ∈�}, x ∈R
n
X , for θ∈�⊂R

m, m < n, (3)

where f (x; θ), denotes the (joint) distribution of the sample X := (X1, . . . , Xn),

whose probabilistic structure is specified with a view to render x0 a typical realization
of the process {Xk, k∈N} underlying Mθ (x).

The quintessential example of a statistical model is:

The simple Normal model: Xk � NIID(μ, σ 2), k∈N. (4)

Fisher (1925b, 1934) put forward a (frequentist) theory of optimal estimation almost
single-handedly. Neyman and Pearson (N–P) (1933) extended/modified Fisher’s sig-
nificance testing framework to propose an optimal hypothesis testing; see Lehmann
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(1986). Although the formal apparatus of the Fisher–Neyman–Pearson (F–N–P) sta-
tistical inference was largely in place by the late 1930s, the nature of the underly-
ing inductive reasoning was clouded in disagreements. Fisher argued for ‘inductive
inference’ spearheaded by his significance testing (Fisher 1955), and Neyman argued
for ‘inductive behavior’ based on Neyman–Pearson (N–P) testing (Neyman 1956;
Pearson 1955).

Indeed, several crucial foundational problems were left largely unanswered:

[a] the initial vs. final precision (Hacking 1965),
[b] the fallacies of acceptance and rejection (Mayo 1996),
[c] testing the adequacy of Mθ (x) a posteriori (Fisher 1922),
[d] delineating the role of a statistical model Mθ (x) in inductive inference,
[e] delineating the role of substantive information in statistical modeling and infer-

ence (Lehmann 1990),
[f] formulating a pertinent frequentist interpretation of probability that provides an

adequate foundation for frequentist inference (Salmon 1967).

This paper focuses primarily on addressing problems [d]–[f]. For extensive discus-
sions pertaining to problems [a]–[c] see Mayo (1996); Mayo and Spanos (2006) and
Mayo and Spanos (2004). These papers are relevant for the discussion that follows
because, when taken together, they demarcate what Mayo (1996) called the ‘error
statistical approach’ which can be viewed as an refinement/extension of the F–N–P
approach that offers a unifying inductive reasoning for frequentist inference. Of par-
ticular importance for the discussion that follows is the error statistical perspective on
the role of frequentist probability as it relates to both the pre-data and post-data error
probabilities associated with inductive procedures. For the error statistician probabil-
ity arises, post-data, not to measure degrees of confirmation or belief in hypotheses,
but to quantify how well a statistical hypothesis has passed a test. There is evidence
for the statistical hypothesis or claim just to the extent that the test it passes with the
data is severe: that with high probability the hypothesis would not have passed so well
as it did if it were false, or specific flaws were present; see Mayo and Spanos (2011).

5 Error statistics and model-based inference

Empirical models in most applied fields are usually constructed using a blend of sta-
tistical and substantive information. They range from a solely data-based formulation
like an ARIMA(p,d,q) model, to a entirely theory-based formulation like a structural
multi-equation model in econometrics; see Spanos (2006). The majority of empirical
models lie between these two extremes; see Lehmann (1990), Cox (1990).

5.1 The Duhem-Quine problem in statistical inference

There is a long tradition in the social sciences where a statistical model is specified
by attaching white-noise error terms to structural (substantive) models; see Spanos
(2010a). Unfortunately, foisting one’s favorite theory on the data often gives rise to
an estimated model that is both statistically and substantively inadequate. Worse, one
has no way to delineate the two sources of error:
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are the substantive claims false? or are the inductive premises misspecified?

This an instance of the Duhem-Quine problem: it is impossible to reliably test a sub-
stantive hypothesis (or claim) in isolation, since any statistical test used to assess this
hypothesis invokes auxiliary assumptions whose validity is unknown (Mayo 1997).
The widely held view concerning the theory-ladeness of observation (Skyrms 2000)
made this difficult conundrum even more challenging.

Attempts to address this Duhmen-Quine problem had to overcome two difficult
conundrums. The first had to do with formalizing the notion of the inductive premises
Mθ (x) invoked by the statistical procedures in question. The second, and more dif-
ficult, had to do with separating the respective roles of statistical vs. substantive
information in specifying Mθ (x); see Lehmann (1990).

5.2 A probabilistic construal of statistical models

The key to dealing with the above Duhemian ambiguity is to distinguish, ab initio,
between statistical and substantive information and specify the statistical premises
solely in terms of the former. Spanos (1999) proposed a notion of statistical informa-
tion that relates directly to the chance regularity patterns (distribution, dependence and
heterogeneity) exhibited by data x0. Irrespective of the substantive information (vague
conjectures, bold hypotheses or claims, well-informed structural models) that led to
the choice of the particular data x0, the later takes on ‘a life of its own’ when x0 is
viewed as a realization of a generic—free from any substantive information—stochas-
tic process {Xk, k∈N}; the latter is often multivariate (Xk := (X1k, X2k, . . . , Xmk))
but for simplicity the discussion focuses primarily on univariate processes.

Statistical model specification. The delineation/formalization of the relevant
inductive (statistical) premises begins with a given data x0 and poses the question:
what kind of probabilistic structure pertaining to {Xk, k∈N} would render data x0
a truly typical realization thereof? The notion of a truly typical realization can be
understood at two different but interrelated levels. At an intuitive level this means that
if one were to simulate the prespecified process {Xk, k∈N} on a computer it would
yield several realizations, say x1, x2, . . . , xN , that exhibit the same chance regulari-
ties as that exhibited by data x0; the actual numbers will be different but the chance
regularity patterns will be broadly the same. At a more formal empirical level, data x0
constitute a truly typical realization of a prespecified process {Xk, k∈N} only to the
extent that its probabilistic assumptions can be shown—using thorough Mis-Speci-
fication (M-S) testing—to be valid for data x0. This defines the notion of statistical
adequacy which provides the sole criterion for ‘when Mθ (x) accounts for the (recur-
ring) regularities in data x0. In this sense the statistical premises underlying Mθ (x)

pertain solely to the probabilistic structure of {Xk, k∈N} assumed to have generated
x0. From this purely probabilistic construal a statistical model Mθ (x) constitutes a
particular parameterization of the process {Xk, k∈N} chosen to enable one to pose
the substantive questions of interest.

Example Several well-known statistical models, including (a) the multivariate Nor-
mal, (b) the Normal/Linear Regression, (c) Factor Analysis and (d) Principal
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Fig. 1 A typical realization of a NIID process

Component Analysis, constitute different parameterizations of the same vector pro-
cess {Zk, k∈N} assumed to be NIID. These different parameterizations enable one to
pose very different substantive questions.

The key role of this purely probabilistic construal of statistical models stems from
the fact that the validation of the statistical premises of Mθ (x) is free of any substan-
tive subject matter information pertaining to {Xk, k∈N}. Both, the initial specification
of Mθ (x), as well as its validation (using M-S testing), do not invoke any form of
such substantive information relating to {Xk, k∈N}. They are solely based on the
interplay between the chance regularities exhibited by the data in question and the
formal probabilistic structure of Mθ (x); see Spanos (2006).

To illustrate the notions of statistical information, chance regularities, truly typical
realizations and how they can be used to select Mθ (x) in practice, let us consider the
t-plots of different data in Figs. 1, 2, 3, 4. When the data exhibit the chance regular-
ities of Fig. 1, the simple Normal model in (4) will be appropriate; the data can be
realistically viewed as a typical realization of a NIID process, and this can be formally
confirmed by testing these assumptions.

In contrast, the data in Figs. 2, 3, 4, exhibit chance regularities that indicate a number
of different departures from (4). Hence, if one adopts the simple Normal model for any
of the data in Figs. 2, 3, 4, the estimated model will be statistically misspecified; this
can easily confirmed using simple M-S tests; see Mayo and Spanos (2004). In particu-
lar, the data in Fig. 2 exhibit a distinct departure from Normality since the distribution
chance regularity indicates a skewed distribution. The data in Fig. 3 exhibit a trending
mean; a clear departure from the ID assumption. The data in Fig. 4 exhibit irregular
cycles which indicate positive dependence; a clear departure from the Independence
assumption.

Model-based inference. The notion of a statistical model Mθ (x) plays a pivotal
role in frequentist model-based inference because, among other things, it specifies
the inductive premises of inference, delimits legitimate events [i.e. all well-behaved
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Fig. 2 A typical realization of an Exponential IID process

(Borel) functions of X], legitimate data, and assigns probabilities to all such events
via f (x; θ), x∈R

n
X ; see Spanos (2010c). In light of the fact that a statistic (estimator,

test statistic, predictor), say Tn = g(X1, . . . , Xn), is a Borel function of X, legitimate
events include those generated by Tn . As a result, Mθ (x) also determines the opti-
mality of inference procedures because the sampling distribution of any statistic Tn is
derived from f (x; θ) via:

F(t; θ) := P(Tn ≤ t; θ) =
∫ ∫

· · ·
∫

︸ ︷︷ ︸
{x: g(x)≤t; x∈R

n
X }

f (x; θ)dx1dx2 · · · dxn . (5)

That is, in error statistics probability plays two interrelated roles. In addition to assign-
ing probabilities to all legitimate events, it furnishes all relevant error probabilities
associated with any statistic Tn = g(Z) via (5). Pre-data these error probabilities quan-
tify the generic capacity of any inference procedures to discriminate among alternative
hypotheses. That is, error probabilities provide the basis for determining whether and
how well a statistical hypothesis—a claim about the underlying data generating mech-
anism, framed in terms of an unknown parameter θ—is warranted by data x0 at hand.
Post-data error probabilities are used to establish the warranted discrepancies from par-
ticular values of θ, using a post-data severity assessment; see Mayo and Spanos (2006).

Example In the case of the simple Normal model (4), one can use (5) to derive the
following sampling distributions (Cox and Hinkley 1974):

(
Xn = 1

n

n∑
k=1

Xk

)
� N

(
μ,

σ 2

n

)
, (n−1) s2 =

n∑
k=1

(
Xk − Xn

)2 � σ 2χ2(n − 1),

where ‘χ2(n−1)’ denotes the chi-square distribution with (n−1) degrees of freedom.
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Fig. 3 A typical realization of a NI, but mean-heterogeneous process

These sampling distributions provide the relevant frequentist error probabilities
used to determine the optimality of frequentist inference procedures. Such error prob-
abilities include the Neyman–Pearson (N–P) type I [rejecting the null hypothesis when
true] and II [accepting the null hypothesis when false] and Fisher’s p-value [the small-
est type I error probability at which the null would have been rejected with data x0].
Hence, in frequentist inference f (x; θ) provides the sole source of relevant probabil-
ities used to calibrate the reliability of frequentist inference procedures.

The crucial role of statistical adequacy stems from the fact that it renders the rele-
vant error probabilities ascertainable by ensuring that the nominal error probabilities
for assessing substantive claims are approximately equal to the actual ones. Returning
to the data in Figs. 2, 3, 4, any inference based the simple Normal model in (4) using
such data will be unreliable in the sense that the actual error probabilities will not
approximate the nominal ones; see Spanos (2009).

This is crucial for the error statistical account because a warranted inference requires
the inference procedure to have low error probabilities. In light of the fact that these
stem from the prespecified statistical model Mθ (x) via (5), invalid model assumptions
call into question such a warrant by inducing discrepancies between actual and nom-
inal error probabilities. The surest way to draw an invalid inference is to apply a .05
significance level test when the actual one—due to misspecification—is closer to .99.
This arises because invalid model assumptions render the distribution of the sample
f (x; θ) erroneous, and that in turn gives rise to the wrong sampling distribution Fn(t)
of the relevant statistic Tn = g(X) via (5).

5.3 Reconciling substantive and statistical information

Substantive subject matter information usually enters empirical modeling in a vari-
ety of forms varying in specificity from vague conjectures concerning the behavior
of {Xk, k∈N} to well-defined structural models, say Mϕ(x). In the discussion that
follows we focus on the latter case where Mϕ(x) constitutes an estimable form of a
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substantive theory in view of the data x0; see Spanos (2010a). What is the connection
between a statistical Mθ (x) and a structural model Mϕ(x)?

The statistical model Mθ (x) is built exclusively in terms of the statistical systematic
information in data x0 with a view to meet two interrelated aims:

(I) to account for the chance (recurring) regularities in data x0 by choosing a prob-
abilistic structure for the stochastic process {Xk, k∈N} underlying x0 so as to
render it a ‘typical realization’ thereof, and

(II) to parameterize the probabilistic structure of {Xk, k∈N} in the form of an
adequate statistical model Mθ (x) in such a way so as to embed Mϕ(x) in its
context, via reparametrization/restriction G(θ, ϕ) = 0. That is, in frequentist
inference substantive information is usually framed in terms of restrictions on
well-defined statistical parameters; see Spanos (2006).

Error statistics provides the framework for securing these objectives by:

(i) specifying Mθ (x) in terms of a complete list of (internally consistent) prob-
abilistic assumptions, in a form that is testable vis-à-vis data x0 to facilitate
securing statistical adequacy, and

(ii) supplementing that with a statistical Generating Mechanism (GM) to provide
a bridge between the statistical and substantive information; information that
pertains to the actual data-generating mechanism.

The statistical GM is a crucial component because, as argued by Cox (1990):

For empirical and indirect purposes, it may be enough that a model defines the
joint distribution of the random variables concerned, but for substantive pur-
poses it is usually desirable that the model can be used fairly directly to simulate
data. The essential idea is that if the investigator cannot use the model directly to
simulate artificial data, how can “Nature” have used anything like that method
to generate real data? (p. 172)

The idea of a statistical model as a repeatable ‘chance mechanism’ is due to Neyman
(1952) whose experience in modeling in a number of applied fields, including genetics,
agriculture, epidemiology and astronomy, suggested that the Fisher’s static ‘infinite
populations’ metaphor was inadequate for the task.

Although the technical details associated with formalizing the notion of a statistical
GM are beyond the scope of the present paper, it is important to note that, given a
stochastic process {Xk, k∈N} defined on a probability space (�,F, P(.)) , it can be
specified for any statistical model, under very general conditions, in the form of a
decomposition:

Xk = E(Xk | Dk) + uk, k∈N, (6)

where the systematic μk = E(Xk |Dk) and non-systematic uk components are orthog-
onal, i.e. E(μkuk) = 0. The relevant conditioning information set Dk⊂F is chosen
so as to render {(uk |Dk), k∈N} a martingale difference process (Billingsley 1995).
Intuitively, a martingale difference process represents a modern, and less restrictive,
form of the older white-noise process. That is, Dk is chosen in such a way so as to
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Table 1 Simple Normal Model

Statistical GM: Xk = μ + uk , k∈N := {1, 2, . . .}
[1] Normality: Xk � N(., .), xk∈R := (−∞, ∞),

[2] Constant mean: E(Xk ) = μ,

[3] Constant variance: V ar(Xk ) = σ 2,

⎫⎬
⎭ k ∈ N.

[4] Independence: {Xk , k∈N} independent process

Fig. 4 A typical realization of a Normal, Markov, Stationary process

account for all the (probabilistic) systematic information in Xk, in the sense that what
is left, uk = Xk − E(Xk | Dk), is a non-systematic error process. In other words, the
probabilistic concept of a martingale difference process is used to render operational
the generic notion of ‘non-systematicity’ in delineating when an estimated model
accounts for all the regularities in data x0.

For instance, the relevant conditioning information set for the simple Normal model
(Table 1) is the trivial field D0 = {�, ∅}, where � and ∅ denote the sure and impossi-
ble events, respectively, stemming from the IID assumptions. Given that E(Xk |D0) =
E(Xk), the decomposition in (6) yields the GM in Table 1.

To illustrate how the statistical GM will change when the probabilistic structure of
{Xk, k∈N} changes, let us consider the case where {Xk, k∈N} is Normal, Markov and
stationary (Spanos 1999); a typical realization of such a process in shown in Fig. 4,
where the Markov dependence assumption is reflected in the cyclical patterns and the
stationarity in the similarity of different portions of the graph representing sub-sets of
consecutive observations (xi1 , xi2 , . . . , xim ), m < n, of the data.

A particular parameterization of this process gives rise to the Normal, Autoregres-
sive [AR(1)] model whose statistical GM takes the form:

Xk = E(Xk |σ(Xk−1)) + uk = α0 + α1 Xk−1 + uk, k∈N, (7)

where σ(Xk−1) denotes the relevant ‘past history’ of the process {Xk, k∈N}. The
complete specification of the AR(1) model is given in Table 2; it is an appropriate
statistical model for the data in Fig. 4.
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Table 2 Normal, AutoRegressive [AR(1)] Model

Statistical GM: Xt = α0 + α1 Xt−1 + ut , t∈N.

[1] Normality:
(
Xt |Xt−1

) � N(., .),

[2] Linearity: E
(
Xt |Xt−1

) = α0 + α1 yt−1,

[3] Homoskedasticity: V ar
(
Xt |Xt−1

) = σ 2
0 ,

[4] Markov dependence: {Xt , t∈N} is a Markov process ,

[5] t-invariance:
(
α0, α1, σ 2

0

)
are not changing with t,

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

t∈N

Specifying a statistical model Mθ (x) in terms of a complete set of probabilistic
assumptions pertaining to the stochastic process(es) {Xk, k∈N} underlying data x0 is
a necessary first step in securing statistical adequacy by applying thorough Mis-Spec-
ification (M-S) testing; Mayo and Spanos (2004).

In turn, statistical adequacy is a precondition for assessing substantive adequacy:
establishing that the structural model Mϕ(x) constitutes a veritable explanation of
the phenomenon of interest. In the case where Mϕ(x) is parametrically nested within
Mθ (x), statistical adequacy ensures the error-reliability of the procedure for testing
the restrictions G(θ, ϕ) = 0 relating the two sources of information. Without it the
reliability of any inference procedures used to assess the substantive information is at
best unknown; see Spanos (2010d).

In summary, the key to circumventing the Duhem-Quine problem is to separate,
ab initio, the statistical and substantive premises, specify Mθ (x) exclusively in terms
of the former, and secure the statistical adequacy of Mθ (x) before assessing substan-
tive adequacy; see Spanos (2010b).

6 A model-based frequentist interpretation

The frequentist interpretation articulated in this paper identifies the probability of
an event A with the (probabilistic) limit of the relative frequency of its occurrence,
sn = 1

n

∑n
k=1 xk, in the context of a well-defined stochastic mechanism represented

by the statistical model Mθ (x). This aims to formalize the relationship between math-
ematical probability and ‘stable long-run frequencies’ that has been instinctively per-
ceived by humans since the dawn of history.

6.1 What the SLLN does and does not entail

A formal justification for the frequentist interpretation as a limit is grounded on the
SLLN which gives precise meaning to the claim ‘the sequence of relative frequencies
{sn}∞n=1 converges to p as n → ∞’.

Borel (1909). The original SLLN asserts that for an Independent and Identically
Distributed (IID) Bernoulli process {Xk, k∈N} :

P( lim
n→∞( 1

n

∑n
k=1 Xk) = p) = 1. (8)
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That is, as n → ∞ the stochastic sequence {Sn}∞n=1, where Sn = 1
n

∑n
k=1 Xk, con-

verges to a constant p with probability one; this is also known as convergence almost

surely (a.s.) and denoted by Sn
a.s.→ p; see Billingsley (1995). Let us clarify the notion

of convergence in (8) and delineate what the result does and does not mean.
First, the SLLN is a measure-theoretic result which asserts that the probabilistic

convergence in (8) holds everywhere in a domain D except on a subset D0, the latter
being a set of measure zero (P (D0) = 0). (Williams 2001, p. 111).

Second, it is well-known that Sn
a.s.→ p does not involve any claims about the

mathematical convergence of the sequence of numbers {sn}∞n=1 to p in a purely math-
ematical sense: limn→∞ sn = p. Unfortunately, the line between probabilistic (a.s.)
and mathematical convergence was blurred by Von Mises (1928) notion of a collec-
tive which was defined in terms of an infinite realization {xk}∞k=1 whose partial sums
{sn}∞n=1 converge to p. It is clear that the SLLN cannot be invoked as a justification
of the convergence condition (C) in (1). The truth of the matter is that any attempt to
make rigorous the mathematical convergence limn→∞ sn = p is ill-fated for purely
mathematical reasons:

Trying to be ‘precise’ by making a definition out of the ‘long-term frequency’
idea lands us in real trouble. Measure theory gets us out of the difficulty in a
very subtle way discussed in Chapter 4. (Williams 2001, p. 25)

Third, the result in (8) is essentially qualitative, asserting that convergence holds in the
limit, but provides no quantitative information pertaining to the accuracy of 1

n

∑n
k=1 xk

as an approximation of P(A) for a given n < ∞. For the accuracy of the approximation
one needs to use the Law of Iterated Logarithm (LIL):

P

(
lim

n→∞ sup

[
(Sn − p)/

√
p(1 − p)√

2n ln(ln(n))

]
= 1

)
= 1, (9)

which quantifies the rate of convergence of the process {Sn}∞n=1; Billingsley (1995).
Fourth, the result in (8) holds when {Xk, k∈N} satisfies certain probabilistic

assumptions, the most restrictive being IID. Their role is clearly brought out by the
converse result, which states that:

For any IID process {Xk, k∈N}, if Sn
a.s.→ p then E(Xk) exists and is equal to p.

note that for the Bernoulli distribution p = P(Xk = 1) but also p = E(Xk).

This suggests that from a modeling perspective, the SLLN is essentially an exis-

tence result for ‘stable (constant) relative frequencies’ (Sn
a.s.→ p), in the sense that it

specifies sufficient conditions for the process {Xk, k∈N} to be amenable to statistical
modeling and inference; see Cramer (1946); Neyman (1952). That is, when no stable
relative frequencies exist, the phenomenon of interest is beyond the scope of statis-
tical modeling. Put another way, when the (sufficient) probabilistic assumptions for
the process {Xk, k∈N} do not hold for a particular data x0, they cannot be used to
provide the basis for inductive inference about the underlying phenomenon of interest
because x0 do not exhibit sufficient statistical regularities to be amenable to statistical
modeling and inference.
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Table 3 Simple Bernoulli Model

Statistical GM: Xk = θ + uk , k∈N.

[1] Bernoulli: Xk � Ber(., .), xk = 0, 1,

[2] constant mean: E(Xk ) = θ,

[3] constant variance: V ar(Xk ) = θ(1−θ),

⎫⎬
⎭ k∈N.

[4] Independence: {Xk , k∈N}is an independent process

6.2 Revisiting the ‘long-run’ metaphor

The long-run metaphor associated with the frequentist interpretation, anchored on the
SLLN in (8), envisions repeating the stochastic mechanism represented by an IID
Bernoulli process in (2), so that the relative frequency process {Sn}∞n=1 (a.s.)-approx-
imates p as n → ∞. This metaphor enables one to conceptualize the frequentist
interpretation of probability by elucidating the connection between the stochastic data-
generating mechanism associated with Mθ (x) and the assignment of probabilities to
all legitimate (generic) events of interest, including ‘single events’, as well as events
associated with sampling distributions as given in (5), like the type I and II errors. In
this sense, the metaphor was never intended to replace f (x; θ) as the relevant tool for
assigning probabilities (measure) to any legitimate event of interest associated with
Mθ (x). The metaphor’s primary objective is to enhance our intuitive understanding
of the connection between mathematical and empirical probabilities. This is achieved
by conceptualizing the bridging of this gap via repeating Mθ (x) to generate a large
enough, but finite, number of sample realizations.

A. The single event probability charge

Despite claims to the contrary: According to the frequency interpretation’s offi-
cial definition, however, the probability concept is meaningful only in relation
to infinite sequences of events, not in relation to single events. (Salmon 1967,
p. 90)

the assigning of probabilities to legitimate (generic) events in model-based induction
does not invoke the ‘long-run’ metaphor. Indeed, there are no conceptual or technical
difficulties in assigning a probability to single events such as: Ak+1 = {Xk+1 = 1}—
‘heads’ on the next toss of the coin, in the context of the Bernoulli model Mθ (x)

(Table 3):

P(Ak+1) = P(Xk+1 = 1) = θ, for any k = 1, 2, . . .

In light of this, the only way to explain the persistence of this charge in the philoso-
phy of science literature is in terms of misidentifying the frequentist interpretation of
probability with von Mises’s variant and its allusion to infinite realizations {xk}∞k=1.
Indeed, the above quotation from Salmon reads like a paraphrasing of Von Mises
(1928) original claim:
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It is possible to speak about probabilities only in reference to a properly defined
collective. (p. 28)

If one replaces the word ‘collective’ with ‘statistical model Mθ (x)’ in this quota-
tion, the single event probability problem vanishes in model-based induction.

B. Rendering the long-run metaphor operational

The misidentification of the frequentist interpretation with von Mises’s variant is also
examplified in the quotation by Howson and Urbach (2006) in Sect. 1, who go even
further by invoking the ‘physical apparatus’ in generating the collective {xk}∞k=1.

When viewed in the context of model-based induction, however, the defining char-
acteristic of the long-run metaphor is neither the temporal nor the physical dimen-
sion, but the repeatability (in principle) of the data-generating process represented by
Mθ (x). This idealized model-based mechanism is, by definition, hypothetical, but
justifiable on empirical grounds, as clearly articulated by Neyman (1977):

Guessing and then verifying the ‘chance mechanism’, the repeated
operations of which produces the observed frequencies. ... Naturally, the guessed
chance mechanism is hypothetical. (p. 99)

As argued above, the question of how Mθ (x) relates to the ‘physical data-generating
mechanism’ pertains to the issue of substantive not statistical adequacy. Moreover, the
repeatability (in principle) renders the long-run metaphor operational for every sta-
tistical model. In practice, one can always simulate (using a computer) the statistical
GM of a particular Mθ (x) to generate numerous finite realizations (however large) of
the process {Xk, k∈N} in nanoseconds.

Example In the case of the simple Normal model (Table 1), the statistical GM:

Xk = μ + σεk, εk � N(0, 1), k = 1, 2, . . . , n, (10)

where εk � N(0, 1) denotes pseudo-random numbers from the standard Normal dis-
tribution, can be used to simulate the long-run metaphor for a given set of values of
(μ, σ 2), by applying the following algorithm.

Step 1: Specify values for (or estimates of) the unknown parameters θ := (μ, σ 2).

Step 2: Generate, say N = 10000, realizations of sample size, say n = 100, of
the process {εk, k = 1, 2, . . . , N } to create

(
ε(1), ε(2), . . . , ε(N )

)
, where ε(k) :=

(ε1, ε2, . . . , εn)
 represents a draw of n pseudo-random numbers from N(0, 1).

Step 3: Substitute sequentially each ε(k) into the GM: x(k) = 1μ + σε(k), for
1 := (1, . . . , 1)
, to generate the simulated data: XN := (x(1), . . . , x(N )), x(k) :=
(x1, . . . , xn)
.

Using the simulated data XN one can construct the empirical counterpart to any
probabilistic assignment P(A), for any legitimate event A: any well-behaved (Borel)
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function of X. It is important to emphasize that these legitimate events include those
defined by any statistic Tn = g(X1, . . . , Xn), and thus the probabilistic assignments
include the sampling distribution of any statistic of interest like θ̂n := (Xn, s2) and
τ(X) = √

n(Xn−μ0)/s derived via (5).
These empirical sampling distributions can be used to render operational, not only

the pre-data error probabilities like the type I–II as well as the power of a test for
different discepancies from the null, but also the post-data probabilities associated
with the severity evaluation that provides an evidential interpretation of frequentist
inference; see Mayo and Spanos (2006).

6.3 Interpretative provisions for the proposed interpretation

It is important to emphasize that, by themselves, mathematical results, such as the
SLLN (8) and the LIL (9), do not suffice to provide an apposite frequentist inter-
pretation that addresses the foundational problems pertaining to frequentist inductive
reasoning. Statistical induction requires a pertinent link between the mathematical
framework and the data-generating mechanism giving rise to x0. In model-based infer-
ence this link takes the form of the interpretive provisions:

[i] data x0 := (x1, x2, . . . , xn) is viewed as a ‘truly typical’ realization of the
process {Xk, k∈N} specified by the statistical model Mθ (x), and

[ii] the ‘typicality’ of x0 (e.g. IID) can be assessed using trenchant Mis-Specification
(M-S) testing.

This link can be used to refute another charge leveled against the anchoring of the
frequentist interpretation on the SLLN. Howson and Urbach (2006), p. 48, claim:

... it is not difficult to see that in itself it [the SLLN] explains nothing at all, let
alone sanctions the identification of probabilities with observed relative frequen-
cies, since no empirical meaning has yet been given to the probability function P .

The truth is that the SLLN in conjunction with [i]–[ii] does provide a direct link
to what Cramer (1946) calls the ‘empirical counterpart’ of F(x) = P(X ≤ x) - the
cumulative distribution function (cdf). The link comes in the form of the Glivenko-
Cantelli (G-C) lemma, which states that under the same assumptions as the SLLN, the

empirical cdf defined by F̂n(x) = [ no. of xk s ≤x]
n x∈R, converges uniformly to the

‘true’ F(x) (Williams 2001, p. 116):

P( sup
−∞<x<∞

|F̂n(x) − F(x)| → 0) = 1, for every x∈R. (11)

This is a fundamental result in statistical modeling and inference that provides the
foundation for several highly-prized techniques such as resampling (including the
bootstrap) and nonparametric procedures; see Wasserman (2006).
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6.4 Revisiting the circularity charge

In explicating the SLLN one might invoke common sense intuition to describe the
result in (8) as saying that the relative frequency of occurrence of event A converges
to P(A) = p, or fluctuates closer and closer around p as n increases. This intuition is
often the source of the charge that the justification of the frequentist interpretation of
probability invoking (8) is circular. For example, Lindley (1965), p. 5, argues:

... there is nothing impossible in m
n differing from p by as much as 2ε, it is

merely rather unlikely. And the word unlikely involves probability ideas so that
the attempt at a definition of ‘limit’ using mathematical limit becomes circular.

This charge of circularity is denied by notable probabilists like Renyi (1970), who
argues that the charge stems from conflating the intuitive description of the conver-
gence of relative frequencies with the mathematical result itself:

Bernoulli’s law of large numbers, on the other hand, is a theorem deduced
from the mathematical concept of probability; there is thus no vicious
circle. (p. 159)

Although Renyi is referring to the Weak Law of Large Numbers (Williams 2001),
his comment is even more pertinent to the SLLN in (8). Elaborating on his last sen-
tence, the SLLN is an existence result for ‘stable relative frequencies’ (convergence
to a constant p), whose assertions rely exclusively on the Kolmogorov mathematical
formalism. Indeed, a closer look at the word ‘unlikely’ that Lindley argues renders
the argument circular, shows that the SLLN refers to the convergence of {Sn}∞n=1 [not
{sn}∞n=1], which involves the purely measure-theoretic notion of a set of measure zero;
no hidden invocation of frequentist probability lurks behind (8).

Given that (8–9) are purely measure-theoretic results, the circularity charge is
clearly misplaced. Why, then, do critics keep reiterating this charge?

One possible explanation might be that these critics consider the ‘long-run fre-
quency’ itself as providing the link between mathematical and empirical probabilities.
Howson and Urbach (2006), pp. 48–49, claim that:

Some additional assumption linking statements of the probability calculus to
physical reality is, ..., indispensable. We have made long-run frequency a defi-
nitional link, because that is the simplest procedure that avoids the objections.

It might be the simplest, but not the most appropriate. Kolmogorov (1963) chal-
lenged the pertinence of such a link by arguing that the notion of the long-run:

... does not contribute anything to substantiate the application of the results of
probability theory to real practical problems where we always have to deal with
a finite number of trials. (p. 369)

As argued above, the link between mathematical results, such as (8)–(9) and (11),
and the data-generating mechanism comes in the form of the interpretive provisions
[i]–[ii], focusing on the initial segment x0 by viewing it as a ‘truly typical’ realization
of the process {Xk, k∈N}.
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What is particularly interesting from this interpretative perspective is that the frequ-
entist interpretation proposed above shares the provisions [i]–[ii] with a completely
different algorithmic perspective based on Kolmogorov complexity. This algorithmic
perspective is relevant to the issues discussed in this paper for several reasons.

First, the algorithmic perspective can be used to shed additional light on why von
Mises’s frequentist interpretation based on the notion of a collective was ill-fated by
clarifying the Wald (1937) and Church (1940) attempts to define admissible subse-
quences, and demonstrated by Ville (1939) to violate the LIL (9) (Li and Vitanyi 2008,
pp. 49–56).

Second, the algorithmic perspective, being non-probabilistic in nature, can be used
to elucidate certain confusions relating to charges leveled against the frequentist inter-
pretation by summoning infinite realizations {xk}∞k=1, a well as dispel any lingering
doubts concerning the circularity charge.

Third, the algorithmic shares with the error-statistical perspective the same notion
of ‘randomness’ relating to the presence of ‘chance regularities’ exhibited by finite
realizations x0 := {xk}n

k=1 of the processes {Xk, k∈N}. This is in contrast to the
von Mises notion relating to the absence of predictability in the context of infinite
realizations {xk}∞k=1.

6.5 Kolmogorov complexity: an algorithmic perspective

Kolmogorov complexity provides a purely non-probabilistic rendering to the frequ-
entist interpretation that instantiates all the above measure-theoretic results:

... algorithmic information theory is really a constructive version of
measure (probability) theory. (Chaitin 2001, p. vi)

The algorithmic complexity perspective provides a non-probabilistic interpretation
to infinite realizations of IID processes {xk}∞k=1 by focusing on the effective comput-
ability and incompressibility of its finite initial segment x0 := {xk}n

k=1. A particular
finite sequence {xk}n

k=1 is ‘algorithmically incompressible’ iff the shortest program
which will output x0 and halt is about as long as x0 itself. Incompressible sequences
(strings) turn out to be indistinguishable, by any computable and measurable test, from
typical realizations of IID Bernoulli processes, and vice versa. Hence, incompressible
sequences provide a model of the most basic sort of probabilistic process which can
be defined without any reference to probability theory; see Salmon (1984). Indeed,
the complexity framework can be used to characterize:

random infinite sequences as sequences all of whose initial finite
segments pass all effective randomness tests (Li and Vitanyi 2008, p. 56).

Moreover, these tests rely on non-probabilistic (algorithmic) notions of partial recur-
sive functions and incompressibility.

The key to the duality between the stochastic and algorithmic perspectives is pro-
vided by (Li and Vitanyi 2008, p. 146):

Martin-Löf (1969) important insight that to justify any proposed definition of
randomness one has to show that the sequences that are random in the stated
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sense satisfy the several properties of stochasticity we know from the theory of
probability.

The Kolmogorov complexity framework provides an operational algorithmic inter-
pretation to all the above measure-theoretic results, including non-typical realizations
defined on a set of measure zero; see Nies (2009).

In addition, the notion of Kolmogorov complexity provided the missing link
between von Mises notion of randomness relying on infinite realizations {xk}∞k=1,

and the above (error-statistical) stochastic view. This link relies on the initial finite
segment {xk}n

k=1 being ‘typical’, i.e. passing all effective randomness tests, giving rise
to the notion of pseudo-randomness: sequences that exhibit statistical randomness
while being generated by a deterministic recursive process. This provided the first
successful attempt to operationalize randomness, by ensuring the compliance of algo-
rithmically incompressible sequences to the above measure theoretic results, including
the SLLN (8), the LIL (9) and the G-C lemma (11).

In summary, the error-statistical stochastic view and the algorithmic perspective
based on Kolmogorov complexity, despite being grounded on entirely different math-
ematical formulations, share several features and give rise to complementary interpre-
tations of probability that do not contravene the measure-theoretic results; in contrast
to the von Mises frequentist interpretation.

6.6 Frequentist interpretation: an empirical justification

As mentioned above, the statistical model underlying Borel’s SLLN is the simple
Bernoulli model Mθ (x) in (2). A more explicit way to specify this model is given
in Table 3, in term of a statistical GM and assumptions [1]–[4]. The validity of these
assumptions vis-à-vis data x0 is what secures the reliability of any inference concern-
ing θ, including the SLLN.

Viewing the ‘stable long-run frequency’ idea in the context of the error statistical
perspective, it becomes apparent that there is nothing stochastic about a particular
data x0 := {xk}n

k=1 when viewed as a realization of the process {Xk, k∈N}. Data x0
denotes a set of numbers that exhibit certain chance regularity patterns reflecting the
probabilistic structure of the underlying process {Xk, k∈N}. From this perspective
‘randomness’ is firmly attached to {Xk, k∈N} and is only reflected in data x0. In light
of that, the only relevant question for the data is whether the chance regularity pat-
terns exhibited by x0 reflect ‘faithfully enough’ the probabilistic structure presumed
for {Xk, k∈N}, i.e. whether x0 constitutes a ‘truly typical realization’ of this process.
If the process {Xk, k∈N} is IID, almost all its realizations for a large enough n will be
‘non-systematic’ in the sense of being ‘truly typical’ of an IID process. Equivalently,
the set of ‘systematic’ (non-typical) realizations of {Xk, k∈N}, say D0, will be a set
of measure zero. That is, for a large enough n the IID structure of {Xk, k∈N} renders
‘almost impossible’ non-typical (systematic) realizations such as:

{xk}n
k=1 = {0, 0, . . . , 0},

{xk}n
k=1 = {1, 1, . . . , 1},

{xk}n
k=1 = {1, 0, 1, 0 . . . , 1, 0}, etc.
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But how would one know that the particular realization x0 in hand is not ‘truly typi-
cal’? The ‘non-typicality’ of a particular realization can be easily detected, in the form
of departures from the IID assumptions, using simple Mis-Specification (M-S) tests,
like a runs test, which rely solely on mathematical combinatorics; see Spanos (1999).
As argued above, such M-S tests can be grounded exclusively on non-probabilistic
notions of (pseudo) randomness associated with algorithmic incompressibility; see Li
and Vitanyi (2008). That is, statistical adequacy ensures the meaningfulness of iden-
tifying the limit of the relative frequencies {sn}∞n=1 with the probability p by invoking
(8). Given that the probabilistic assumptions [1]–[4] are testable vis-à-vis data x0, the
frequentist interpretation is justifiable on empirical, not a priori, grounds.

7 Enumerative vs. model-based induction

In relation to induction, Salmon (1967) credits Reichenbach (1934) with two important
contributions:

a theory on inferring long run frequencies from very meagre statistical data, and
a theory for reducing all inductions to just such inferences. (Hacking 1968, p.
44).

With respect to ‘inferring long-run frequencies’ Salmon argues that Reichenbach
was the first to supplement the frequentist interpretation with a ‘Rule of Induction by
Enumeration’:

Given that sn = m
n , to infer that: lim

n→∞ sn = m
n . (p. 86)

The primary justification for this rule is that asymptotically (as n → ∞) sn converges
to the true probability p. However, this claim is misleading because it does not follow
from the SLLN. In addition to being framed in terms of probabilistic convergence,
the SLLN implies that for any value ( m

n )∈[0, 1], P
(
limn→∞ Sn(ω) = m

n

) = 0, unless
m
n = p, which can only happen on a set of measure zero. To address that problem,
the limiting process should read: limn→∞ Sn(ω) = p with probability 1.

Hacking (1968) questioned the justification of the straight rule on asymptotic
grounds, and proposed an axiomatic justification in terms of properties like additivity,
invariance and symmetry. He went as far as to suggest a return to the approximate
form of the rule, sn ± ε, originally proposed by Reichenbach (1934), and argued for
codifying the error ε in terms of de Finetti’s subjective interpretation of probability.

A closer look at this literature reveals that the SLLN has been invoked, implicitly
or explicitly, for two different, but related, tasks:

[a] in justifying the frequentist interpretation by providing a link between relative
frequencies and mathematical probabilities, and

[b] in justifying the use of the straight rule P(A) = m
n as an inductive procedure for

learning from data.

The model-based frequentist interpretation of probability proposed in this paper
draws a clear distinction between [a] and [b] because their respective justifications are
different. Focusing on the latter, none of the above proposals provides an adequate
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Fig. 5 t-plot of xn for a Bernoulli IID realization with n = 200

justification for the straight rule P(A) = m
n as an inferential procedure. What has not

been sufficiently appreciated in these discussions is that the SLLN holding for the sto-
chastic process {Xk, k∈N} underlying data x0 ensures [a], but it does not necessarily
secure [b] that concerns the nature and justification of model-based inductive infer-
ence. This key difference brings out the role of a statistical model Mθ (x) in securing
the reliability and precision of inference.

From the error statistical perspective the relevant statistical model, implicit in the
discussions of Borel’s SLLN is the simple Bernoulli Mθ (x) (Table 3) with P(A) = θ .
Viewing the straight rule P(A) = m

n in the context of Mθ (x) reveals that one knows
much more about sn = m

n as an estimate of θ than the SLLN indicates. The SLLN
asserts that Sn = Xn = 1

n

∑n
k=1 Xk is a strongly consistent estimator of θ. Does that

secure the reliability of using Xn to draw inferences about θ? Not necessarily!
The SLLN secures only minimal reliability in the sense that the result in (8) is nec-

essary, but not sufficient for the reliability of inference for a given n. This is because the
SLLN holding secures potential (as n → ∞) learning from data about the unknown
parameter θ , for a sufficiently large n, in the sense that sn will pinpoint the true θ. That
learning, however, is not guaranteed for a particular n associated with data x0. This
is demonstrated in Figs. 5, 6 where n = 200 is not sufficiently large for xn to zero-in
on the true θ , but n = 1000 comes very close. Since what is large enough depends on
both n and the true θ, one cannot answer univocally the question how large is ‘large
enough’.

To secure the reliability and precision of any frequentist inference procedure, includ-
ing estimation, testing and prediction, one needs to render the SLLN’s potential into
actual learning based on the given n associated with data x0, by evaluating the rele-
vant error probabilities. That usually requires strengthening the probabilistic premises
because the assumptions needed for the SLLN to hold are usually weaker than those
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Fig. 6 t-plot of xn for a Bernoulli IID realization with n = 1000

needed to secure the reliability and precision of inductive inferences based on a partic-
ular data x0. The weaker premises, however, come at a price when the SLLN is used
as a basis of inference because any attempt to evaluate the relevant error probabili-
ties will give rise to very crude and often inaccurate estimates. This stems from the
asymptotic nature of the result which necessitates the use of inequality bounds such
as Hoeffding’s (Wasserman 2006):

P
(|Xn − θ | ≥ ε

) ≤ 2 exp
(
−2nε2

)
, for any ε > 0. (12)

For instance, if one were to use Borel’s SLLN to evaluate the tail area of the sampling
distribution of Xn beyond two standard deviations in the case where θ = .5, ε = .1
and n = 100 (note that ε = 2

√
V ar(Xn)), the answer will be:

P
(|Xn−θ | ≥ .1

) ≤ .271. (13)

How accurate is this upper bound? The inaccuracy of (13) when used to evaluate error
probabilities can be brought out by making full use of the model assumptions [1]–[4]
(Table 3) to derive the finite sampling distribution:

Xn � Bin(θ, [θ(1−θ)/n]), (14)

where ‘Bin’ denotes the Binomial distribution. Evaluation of the same tail area using
(14) yields:

P
(|Xn−θ | ≥ .1

) = .0455, (15)
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which is considerably smaller than the upper bound; the sixfold difference between
the actual error probability in (15) and the evaluated upper bound in (13) can easily
lead an inference astray; see Spanos (1999) for several such examples. Note that the
inaccuracy of these upper bounds worsens as n decreases.

It is very important to emphasize that although (in principle) both Borel’s SLLN
in (8) and the finite sampling distribution in (14) depend on exactly the same set
of probabilistic assumptions ([1]–[4] in Table 3), the SLLN essentially ignores the
Bernoulli distribution assumption [1]. However, this assumption is totally innocuous
because in cases where there are only two outcomes it holds by definition. Hence, in
this particular case the statistical adequacy of the simple Bernoulli model justifies both
results. More generally, however, the probabilistic premises invoked by the SLLN and
other limit theorems are weaker than those of a well-defined statistical model Mθ (x)

primarily because they make no direct distributional assumptions; see Spanos (1999).
What has not been sufficiently appreciated in these discussions is how valuable a
fully-specified statistical model Mθ (x) can be in enhancing both the reliability and
precision of inference when its statistical adequacy is secured. Inductive learning is
assured by reliable and precise model-based inference.

The above discussion suggests that a better way to understand the straight rule as
an inference procedure in the context of model-based inference is not in terms sn = m

n
being a good estimate of θ by invoking the SLLN, but in terms of Xn being a good
estimator of θ, with the relevant error probabilities provided by the finite sampling
distribution (14). The latter distribution suggests that Xn is a good estimator, not just
because it is a strongly consistent estimator of θ (stemming from the SLLN), but
because it is also unbiased and fully efficient; see Cox and Hinkley (1974). Hence,
when viewed in this context the key problem with induction by enumeration based
on the straight rule is that, even in this revamped form, it does not extend beyond the
simple Bernoulli model. Moreover, the proposed interpretation precludes the stance
known as finite frequentism which attaches probabilities to events in a finite reference
class using the straight rule (Hajek 2007).

Returning to model-based inference, (14) can be used to construct a (1−α) Confi-
dence Interval:

P

(
Xn − c α

2
sx ≤ θ ≤ Xn + c α

2
sx

)
= 1−α,

where s2
x = (

Xn(1−Xn)
)
/n, which provides a proper frequentist interpretation to

Reichenbach’s approximate straight rule:

Xn ± εn, where εn = c α
2

sx .

The difference is that one can assess the reliability as well as the precision of this rule
using the relevant error probabilities based on (14).

In summary, the SLLN specifies sufficient probabilistic assumptions pertaining to
the process {Xk, k∈N} underlying data x0 to be amenable to statistical modeling and
inference by ensuring the existence of stable relative frequencies. To ensure the reli-
ability and precision of model-based inductive inference, however, one often needs to
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go the extra mile and strengthen these premises to a fully-specified statistical model
Mθ (x) whose statistical adequacy for data x0 has been secured.

8 The ‘random sample’ charge revisited

Some critics claim that the frequentist interpretation of probability can only be applied
to cases where the data x0 constitute a realization of a random sample X, and thus it is
inextricably bound up with the IID assumptions; see Fine (1973). It is fair to say that,
historically speaking, the IID assumptions were implicitly imposed on the overwhelm-
ing majority of statistical modeling before the 1930s. Moreover, the IID assumptions
appear to constitute an integral part of Von Mises (1928) frequentist interpretation,
being reflected in his condition of ‘invariance under place selection’ for admissible col-
lectives {xk}∞k=1; see (1). In contrast, the proposed frequentist interpretation anchored
on the SLLN does not require such restrictive probabilistic assumptions imposed on
the underlying process {Xk, k∈N}.

Beginning in the 1930s, the literature on stochastic processes has greatly extended
the intended scope of statistical modeling by a gradual weakening of the IID assump-
tions and the introduction of probabilistic notions of dependence and heterogeneity;
see Doob (1953). This broadening brought about a shift away from the original von
Mises notion of randomness. Kolmogorov (1983) reflecting on this argued:

... we should have distinguished between randomness proper (as absence of any
regularity) and stochastic randomness (which is the
subject of probability theory). There emerges the problem of finding reasons for
the applicability of the mathematical theory of probability to the phenomena of
the real world. (p. 1)

Von Mises randomness and the accompanying unpredictability of infinite sequences
(impossibility of a gambling system), has been replaced by ‘stochastic’ randomness,
reflected by the ‘chance regularities’ exhibited by finite realizations of processes that
can be used to enhance statistical predictability; see Spanos (1999). This motivated
the notion of ‘truly typical’ realization, which can be easily extended to non-IID pro-
cesses. The only restriction on the latter is that they retain a form of k-invariance
encapsulating the unvarying features of the phenomenon being modeled in terms of
the unknown parameter(s) θ . For instance, assuming that the process {yt , t∈N} is
Normal, Markov and mean-heterogeneous, but covariance stationary, gives rise to an
Autoregressive statistical model whose Generating Mechanism (GM) takes the form:

yt = β0 +
heterogeneity︷ ︸︸ ︷∑m

k=1
βk tk +

dependence︷ ︸︸ ︷∑p

i=1
αi yt−i + ut , t∈N,

where θ := (β0, β1, . . . βm, α1, α2, . . . , αp, σ
2) are t-invariant. Indeed, the primary

reason for defining Mθ (x) in terms of the joint distribution, f (x; θ)—and not the
marginal f (xk; θ)—is exactly to be able to account for the dependence/heterogeneity
in non-IID samples; a key result first established by Kolmogorov (1933). In relation
to this, it will be rather anachronistic to criticize Von Mises (1928) for ignoring the
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developments in stochastic processes in the 1930s, but the same courtesy cannot be
extended to his advocates and critics in modern philosophy of science.

Since Borel (1909) the sufficient probabilistic assumptions on the process
{Xk, k∈N} giving rise to the SLLN result in (8) have been weakened considerably.
In particular, the SLLN, as it relates to the frequentist interpretation of probability,
has been extended in two different, but interrelated, directions. First the result was
proved to hold for processes considerably more sophisticated than BerIID, dropping
the distributional assumption altogether and allowing for certain forms of non-IID
structures such as {Xk, k∈N} being a heterogeneous Markov or a martingale process.
Second the result has been extended from the linear function Sn = 1

n

∑n
k=1 Xk, to any

Borel function of the sample, say Yn = h(X1, X2, . . . , Xn); Billingsley (1995).
For a general statistical model Mθ (x) based on a non-IID sample, the assignment

of the probabilities using f (x; θ), x∈R
n
X depends crucially on being able to estimate

consistently the unknown parameter(s) θ. Indeed, the constancy of the parameters θ

renders possible the estimation of ‘stable relative frequencies’ associated with f (x; θ).
Hence, in the context of Mθ (x), the SLLN can be extended to secure the existence of
a strongly consistent estimator θ̂n(X) of θ :

P( lim
n→∞ θ̂n(X) = θ) = 1. (16)

The result in (16) underwrites what Neyman (1952) called ‘stable long-run relative
frequencies’, whose existence is necessary for the phenomenon of interest to be ame-
nable to statistical modeling and inference. A similar view, using the term ‘statistical
regularities’, was articulated even earlier by Cramer (1946), pp. 137–151.

The strong consistency of θ̂n, in conjunction with the statistical adequacy of:

Mθ̂n
(x) = { f (x; θ̂n)}, x ∈R

n
X ,

bestows an objective frequentist interpretation upon the probabilities assigned by
f (x; θ̂n), x∈R

n
X which can be used to evaluate (estimate) the probability of any legit-

imate event in σ(X), satisfying the ascertainability criterion. Similarly, such proba-
bilistic assignments satisfy the admissibility criterion (Salmon 1967) because relative
frequencies can be viewed as an instantiation of the mathematical probability.

9 A ‘pragmatic’ justification of induction?

The inductive premises of the SLLN provide sufficient conditions (probabilistic
assumptions) pertaining to the process {Xk, k∈N} underlying data x0 to render it
amenable to statistical modeling and inference by ensuring the existence of stable
relative frequencies. This ensures ‘potential’ learning from data, but transforming that
into ‘actual’ learning from data x0 one often needs to strengthen the SLLN premises to
a fully-specified statistical model Mθ (x) whose statistical adequacy has been secured.
The proposed frequentist interpretation of probability addresses the charges [i]–[iii] by
an apposite bridging of the gap between what the mathematical results of probability
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(measure) theory provide and what can be empirically justified. That is, the justifi-
cation for model-based induction is empirical; it stems from the appropriateness and
pertinence of using a statistical model Mθ (x) to learn about real-world phenomena
of interest.

In summary, the key features of the proposed frequentist model-based inference
are:

[a] it demarcates the inductive premises of inference by formalizing vague a priori
stipulations like the ‘uniformity of nature’ and the ‘representativeness of the
sample’ into formal probabilistic assumptions (IID) [revealing their restrictive-
ness],

[b] it extends the scope of inductive inference beyond IID samples by including
statistical models Mθ (x), that account for both dependence and heterogeneity,

[c] it provides a link between the mathematical set-up and the physical reality by
viewing data x0 as a typical realization of the process {Xk, k∈N} underlying
Mθ (x),

[d] it provides an empirical justification for frequentist induction stemming from
securing the statistical adequacy of Mθ (x) using trenchant Mis-Specification
(M-S) testing that relies solely on mathematical probability,

[e] it enhances the reliability and precision of inductive inferences by grounding
them on finite sampling distributions rather than relying solely on asymptotic
results like the SLLN and the Central Limit Theorem (CLT), and

[f] it renders the ‘long-run’ metaphor operational by bringing out its key attribute
of repeatability in principle.

From the statistical perspective, the above model-based inductive inference can be
viewed as an implementation of Fisher’s (1922) original vision that was later elabo-
rated upon by Neyman (1952):

(i) If we wish to treat certain phenomena by means of the theory of probabil-
ity we must find some element of these phenomena that could be considered
as random, following the law of large numbers. This involves a construction
of a mathematical model of the phenomena involving one of more probability
sets. (ii) The mathematical model is found satisfactory, or not. This must be
checked by observation. (iii) If the mathematical model is found satisfactory,
then it may be used for deductions concerning phenomena to be observed in the
future. (p. 27).

From the philosophical perspective, the proposed model-based frequentist interpre-
tation suggests that there was something right-headed about the logical empiricists’s
denying any a priori foundation for probabilistic inference; see Glymour (1981). In
this sense, the proposed interpretation is in the spirit of Reichenbach (1951) view:

It is true that for the frequency interpretation the degree of probability is a matter
of experience and not of reason. (p. 236)

Moreover, the proposed empirical justification of model-based induction can be
viewed as making good on earlier (unsuccessful) attempts to provide a ‘pragmatic’
justification of induction as envisioned by Reichenbach; see Salmon (1967). It is
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achieved by strengthening the inductive premises of the SLLN to a fully specified
statistical model Mθ (x), beyond the simple Bernoulli, that addresses the non-unique-
ness of the inductive rule problem by grounding inductive inference on finite sampling
distributions associated with the particular data x0.

Finally, it is important to re-iterate that the same finite sampling distributions will be
used in error statistics to furnish, not only the pre-data error probabilities, but also the
post-data severity evaluations that will provide an evidential interpretation of infer-
ence in the form of the discrepancy from the null hypothesis warranted by data x0.
The underlying inductive reasoning differs from both the N–P and Fisherian thinking,
but it borrows elements from both in the sense that it can be seen as a harmonious
reconciliation of the two; see Mayo and Spanos (2006).

10 Summary and conclusions

The error statistical perspective identifies the probability of an event A—viewed in the
context of a statistical model Mθ (x), x∈R

n
X —with the limit of its relative frequency of

occurrence by invoking the SLLN. This frequentist interpretation is defended against
the charges of [i] ‘circularity’ and [ii] inability to assign ‘single event’ probabilities,
by showing that in model-based induction the defining characteristic of the long-
run metaphor is neither its temporal nor its physical dimension, but its repeatability
(in principle) which renders it operational in practice. It is also shown that the notion
of a statistical model Mθ (x) can easily accomodate non-IID samples, rendering [iii]
the ‘random sample’ charge simply misinformed.

The proposed frequentist interpretation of probability replaces enumerative induc-
tion with model-based induction and the von Mises rendering with the SLLN in con-
junction with viewing data x0 := (x1, . . . , xn) as a ‘truly typical’ realization of the
stochastic process {Xt , t∈N} specified by Mθ (x). The SLLN provides sufficient con-
ditions (inductive premises), relating to the process {Xk, k∈N} underlying data x0, to
ensure the existence of stable relative frequencies. This demarcates the intended scope
of frequentist model-based induction by rendering x0 amenable to statistical modeling
and inference. To ensure ‘learning from data’, however, one often needs to go the extra
mile and strengthen the SLLN premises to a fully-specified statistical model Mθ (x)

whose statistical adequacy for data x0 needs to be secured.
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